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LECTURE 1:

CHAPTER 1:

Groups arise from studying symmetries. Lie algebras arise from studying infinitesimal
symmetries. Lie groups are analytic manifolds with continuous group operations. Alge-
braic groups are algebraic varieties with continuous group operations.

Associated with a Lie group G is the tangent space at the identity element T1G; this is
endowed with the structure of a Lie algebra. If G = GL,(R), then T'G = M,y (R).
There is a map

erp : nbd. of 0 in M, (R) — nbd. of 1 in GL,(R).

This is a diffeomorphism, and the inverse is log.

For sufficiently small z,y, we have exp(z)exp(y) = exp(u(x,y)) for some power series
w(x,y) =x +y+ Az,y) + terms of higher degree,

where A is a bilinear, skew-symmetric map 701G x T1G — T1G. We write [z,y] = 2\(z, y),
so that

eap(x)exply) = exp(e +y+ lr.] + )

The bracket is giving the first approximation to the non-commutativity of exp.

DEFINITION 1.1. A Lie algebra L over a field k is a k-vector space together with a bilinear
map [—,—]: L x L — L satisfying

(1) [x,z] =0 for all x € L;
(2) Jacobi identity: [z, [y, z]] + [v, [z, z]] + [z, [z, y]] = 0.

REMARK 1.2.

(1) This is a non-associative structure.

(2) In this course, k will almost always be C. Later (right at the end), I may discuss
characteristic p.

(3) Assuming the characteristic is not 2, then condition (1) in the definition is equiv-
alent to
(1) [z, y] = —ly,z].
(Consider [z + y,z + y].)

(4) The Jacobi identity can be written in all sorts of ways. Perhaps the best way
makes use of the next definition.

DEFINITION 1.3. For z € L, the adjoint map ad, : L — L sends y — [z, y].

Then the Jacobi identity can be written as

PROPOSITION 1.4.
ad[ = ad; o ady — ady o ad,.
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ExXAMPLE 1.5. The basic example of a Lie algebra arises from using the commutator in
an associative algebra, so [z,y] = zy — yz.

If A = M,(k), then the space of n x n matrices has the structure of a Lie algebra with
Lie bracket [z,y] = zy — yx.

DEFINITION 1.6. A Lie algebra homomorphism ¥ : Ly — Ls is a linear map that preserves
the Lie bracket: ¥([z,y]) = [©(z), P(y)].

Note that the Jacobi identity is saying that ad : L — Endg(L) with z — ad, is a
Lie algebra homomorphism when Endy(L) is endowed with Lie bracket given by the
commutator.

NOTATION 1.7. We often write gl,,(L) instead of Endy(L) to emphasize we’re considering
it as a Lie algebra. You might write gl(V') instead of End (V') for a k-vector space V.

Quite often if there is a Lie group around one writes g for T1G.

DEFINITION 1.8. The derivations Dery A of an associative algebra A (over a base field k)
are the linear maps D : A — A that satisfy the Leibniz identity D(ab) = aD(b) + bD(a).

For example, D, : A — A sending a — za — az is a derivation. Such a derivation (one
coming from the commutator) is called an inner derivation. Clearly if A is commutative
then all inner derivations are zero.

EXAMPLE/ EXERCISE 1.9. Show that
Dery k[X] = {f(z)L : f(z) € k[X]}.

If you replace the polynomial algebra with Laurent polynomials, you get something related
to a Virasoro algebra.

One way of viewing derivations is as the first approximation to automorphisms. Let’s try
to define an algebra automorphism ¥ : A[t] — A[t] which is k[t]-linear (and has ¥(t) = t),
where Aft] =Y 72, At". Set
P(a) = a+ P1(a)t + Pola)t® + - -
©(ab) = ab + 1 (ab)t + Pa(ab)t? + - .
For ¥ to be a homomorphism we need ¥(ab) = ¥(a)¥(b). Working modulo #? (just look

at linear terms), we get that ¥; is necessarily a derivation. On the other hand, it is not
necessarily the case that we can “integrate” our derivation to give such an automorphism.

For us the important thing to notice is that Dery A is a Lie algebra using the Lie bracket
inherited from commutators of endomorphisms.



LECTURE 2:

Core material: Serre’s Complex semisimple Lie algebras.

RECALL: Lie algebras arise as (1) the tangent space of a Lie group; (2) the derivations of
any associative algebra; (3) an associative algebra with the commutator as the Lie bracket.

DEFINITION 2.1. If L is a Lie algebra then a k-vector subspace L1 is a Lie subalgebra of
L if it is closed under the Lie bracket.

Furthermore, L, is an ideal of L if [z,y] € Ly for any « € L1,y € L. In this case we write
L1 < L.

EXERCISE 2.2. Show that if L; < L then the quotient vector space L/L; inherits a Lie
algebra structure from L.

EXAMPLE 2.3. Derp(A) is a Lie subalgebra of gl(A). The inner derivations Innder(A)
form a subalgebra of Dery(A).

EXERCISE 2.4. Are the inner derivations an ideal of Dery(A)?

REMARK 2.5. The quotient Dery(A)/Inndery(A) arises in cohomology theory. The co-
homology theory of associative algebra is called Hochschild cohomology. H'(A, A) =
Dery(A)/Innderi(A) is the first Hochschild cohomology group.

The higher Hochschild cohomology groups arise in deformation theory/ quantum algebra.
We deform the usual product on A[t] (or A[[t]]) inherited from A with ¢ central to give
other ‘star products’ a * b = ab + 91(a,b)t + ¥a(a,b)t?>. We want our product to be
associative; associativity forces Hochschild cohomology conditions on the ;.

DEFINITION 2.6. A Lie algebra L is abelian if [z,y] = 0 for all z,y € L. (Think abelian
— trivial commutator.)

ExaMPLE 2.7. All one-dimensional Lie algebras have trivial Lie brackets.

EXAMPLE 2.8. Every one-dimensional vector subspace of a Lie algebra is an abelian sub-
algebra.

DEFINITION 2.9. A Lie algebra is simple if

(1) it is not abelian;
(2) the only ideals are 0 and L.

Note the slightly different usage compared with group theory where a cyclic group of prime
order is regarded as being simple.

One of the main aims of this course is to discuss the classification of finite-dimensional
complex simple Lie algebras. There are four infinite families:

e type A, for n > 1: these are sl,11(C), the Lie algebra associated to the spe-
cial linear group of (n + 1) x (n + 1) matrices of determinant 1 (this condition
transforms into looking at trace zero matrices);
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e type B, for n > 2: these look like s02,11(C), the Lie algebra associated with
S02,41(C);

e type C), for n > 3: these look like sp,, (C) (symplectic 2n x 2n matrices);

e type D,, for n > 4: these look like s09,(C) (like B,, but of even size).

For small n, Ay = By = Cy, By = (s, and A3 = D3, which is why there are restrictions on
n in the above groups. Also, D; and Dy are not simple (e.g. D; is 1-dimensional abelian).

In addition to the four infinite families, there are five exceptional simple complex Lie
algebras: Fg, Fg, Eg, Fy, G2, of dimension 78,133,248, 52, 14 respectively. (o arises from
looking at the derivations of Cayley’s octonions (non-associative).

DEFINITION 2.10. Let Ly be a real Lie algebra (i.e. one defined over the reals). The
complexification is the complex Lie algebra

L=Ly®rC=Ly+ilg
with the Lie bracket inherited from Lg.

We say that Lg is a real form of L. For example, if Ly = s[,,(R) then L = sl,(C).

EXERCISE 2.11. Lo is simple <= the complexification L is simple OR L is of the form
L1 x Ly, in which case L; and Lq are each simple.

In fact, each complex Lie algebra may be the complexification of several non-isomorphic
real simple Lie algebras.

Before leaving the reals behind us, note the following theorems we will not prove:

THEOREM 2.12 (Lie). Any finite-dimensional real Lie algebra is isomorphic to the Lie
algebra of a Lie group.

THEOREM 2.13. The categories of finite-dimensional real Lie algebras, and of connected
sitmply-connected Lie groups, are equivalent.

CHAPTER 2:

REMARK 2.14. Most of the elementary results are as you would expect from ring theory;
e.g. the isomorphism theorems.

If 6 is a Lie algebra homomorphism 6 : L1 — Lo, then ker 6 is an ideal of L1, and im0 is
a subalgebra of Ls. We can define the quotient Lie algebra L/ker 6 and it is isomorphic
to im 6.

DEFINITION 2.15. (2.1) The centre Z(L) is a Lie algebra defined as
{rel:[z,yy=0VyeL}.
EXERCISE 2.16. Classify all 2-dimensional Lie algebras.



LECTURE 3:

DEFINITION 3.1. (2.2) The derived series of a Lie algebra is defined inductively (as for
groups):

LO=1p,

0 =1, 1},

L0 = L= -1

and [A, B] is the set of finite sums of [a,b] for a € A,b € B (that is, a typical element is

>_ilais bi]).

Note that L) a L (i.e. these are ideals).

Thus, L is abelian <= L) = 0.

DEFINITION 3.2. (2.3) A Lie algebra is soluble if L(") = 0 for some 7. The smallest such
r is called the derived length of L.

LEMMA 3.3. (2.4)

(1) Subalgebras and quotients of soluble Lie algebras are soluble.

(2) If J< L and if J and L/J are soluble, then L is soluble.

(3) Soluble Lie algebras cannot be simple.
(

Proof.

1) If Ly is a subalgebra of L then LY) < L) (by induction). If J < L then
(/7)) =

(LW +.J)/J.

(2) If L/J is soluble then L) < .J for some 7. If J is soluble then J() = 0 for some s.
But LU+9) = (L)) < j6) =,

(3) By definition if L is simple it is nonabelian and so L") # 0. But if L is soluble and
nonzero then L O LM, Thus LM would be a nonzero ideal. .. which is a contradiction.
O

EXAMPLE 3.4. (2.5a) One-dimensional subspaces of Lie algebras are abelian, and abelian
Lie algebras are soluble.

EXAMPLE 3.5. (2.5b) All 2-dimensional Lie algebras are soluble. Take a basis {z,y}.
Then LU is spanned by [z, z], [z, y], [y, 2], [y, y], and hence by [z,]. Thus L(!) is either 0-
or 1-dimensional according to whether [z,y] = 0 or not. So L(!) is abelian, and L(?) = 0.
We've essentially classified 2-dimensional Lie algebras (2 types, depending on whether
[z,y] = 0 or not).

EXERCISE 3.6. Classify 3-dimensional Lie algebras. If you get stuck, look in Jacobson.

EXAMPLE 3.7. (2.5¢) Let L have basis {z,y, 2z} with [z,y] = 2, [y, 2] = z, [z,2] = y. If
k = R, this is R? with [z,y] = 2 A y (formal vector product). Then

L=1W=p1® —
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and L is not soluble. The centre (stuff that commutes with everything) Z(L) = 0. Under
the adjoint map ad : L — gls,

0 0 O
z— [0 0 -1
01 0
0 01
y— | 0 00
-1 00
0 -1 0
z— 11 0 0
0 0 0

You can see that the image of ad is the space of 3 x 3 skew-symmetric matrices. This is
the tangent space at 1 for Os if k = R.

Observe that Z(L) is the kernel of ad. When the centre is zero, ad is injective. (This is
why L 2 the space of skew-symmetric 3 X 3 matrices in the previous example.)
EXAMPLE 3.8. (2.5d) Let

n, = { strictly upper-triangular n x n matrices over k }.

This is a Lie subalgebra of gl,,(k). It is soluble but nonabelian if n > 3. (It is a prototype
for nilpotent Lie algebras.)

b, = { upper triangular n x n matrices }
Clearly n,, C b,,. Check that it’s actually an ideal. b/n is abelian, and b is soluble.

DEFINITION 3.9. (2.6) A finite-dimensional Lie algebra L is semisimple if L has no nonzero
soluble ideals.

Thus simple = semisimple (since soluble Lie algebras can’t be simple).

DEFINITION 3.10. (2.7) The lower central series of a Lie algebra L is defined inductively:
Loy =1L,
L(z) = [LaL(z—l)] for ¢ > 1.

L is nilpotent if L,y = 0, and the nilpotency class is the least such r.

Note that each L(; <L, and that the numbering starts at 1 instead of 0 as with the derived
series. Note that n, is nilpotent in Example 2.5d, and b,, is non-nilpotent if n > 2.

LEMMA 3.11. (2.8)

(1) Subalgebras and quotients of nilpotent Lie algebras are nilpotent.

(2) L is nilpotent of class <r <= [x1,[r2, - ,2r]] =0 for all z; € L.

(3) There are proper inclusions of classes

{ abelian Lie algebras } C { nilpotent Lie algebras } C { soluble Lie algebras }
10



Proof. (1) Show that homomorphic images of nilpotent Lie algebras are nilpotent.
(2) Definition.

(8) If Ly = 0 then Lory = 0 and so L) =0 by 2.9(3).

Note that b is non-nilpotent, but n and b/n are nilpotent.

PROPOSITION 3.12. (2.9)

(1) [Lays Liy)] © Liggy)- . o
(2) Lie brackets of r elements of L in any order lies in L. e.g. [[x1,%2], [5, 24]].
(3) L™ C Lgry for all k.

Proof. (1) Induction on j. (L, Ly) = (L), L) C L1y by definition.

Assume the result is true for all i, and for a specific j. Want [L), L(j+1)] C Livjt1)-
But
[L(i)7L(j+1)] - [L(i)v [L(j)aLH
= —[Ly), L, L)) = [L, [Ly, Ly ]
_ _
CL(i+1) CLi+j)
C Ly, Lyl + Ly L))
C Lit145) + Latity)
where the first term in the last line is by induction (and the second term in the last line
is by definition).

(2) By induction onr. If r =1, Ly = L and there is nothing to do. Write any bracket of
r terms as [y, z] where y contains brackets of i terms and z contains brackets fo j terms,
where i + j =1 and i,j > 0. By induction, [y, z] € [Lg, L)) which is C L) = Ly by
part (1).

(3) By induction on k. For k =0, we have L = L9 and L0y = Ly = L.

Now assume inductively that L*) ¢ Lk for some k. Then
L(k+1) = [L(k),L(k)] C L(2k+1)
by part (1). O

DEFINITION 3.13. (2.10) The upper central series is defined inductively:
Zo(L) = 0;

Z1(L) = Z(L) is the centre;
11



Zin(L)/Z(L) = Z(L/Zi(L)).

Alternative definition:
Z(L)y={z €L : [x,y| € Zi-1 Vy € L}
Ezercise: does this work and why?
DEFINITION 3.14. (2.11) A central series in L consists of ideals J;,
O=hi<---<Jp,=1L
for some r, with [L, J;] < J;_; for each i.

EXERCISE 3.15. If we have such a central series then there are Z; with L,y;—1 < J; <
Zi(L). So the lower central series is the one that goes down as fast as it can, and the
upper central series is the one that goes up as fast as it can.

EXERCISE 3.16. If L is a Lie algebra then dim(L/Z(L)) # 1. (similar theorem in group
theory)

LECTURE 4:

Last time we met n,, (strictly upper triangular nxn matrices), and b,,, the upper triangular
nxn matrices. These were the “prototype” examples of nilpotent and soluble Lie algebras.
Our next target is to show that, if we have a Lie subalgebra L of gl(V), where V is an
n-dimensional vector space:

(1) if each element of L is a nilpotent endomorphism then L is a nilpotent Lie algebra
(Engel);

(2) we can pick a basis of V' so that so that if L is soluble then L < b, and if L is
nilpotent then L < n,. (Lie/ Engel).

Another way of putting this is in terms of flags.
DEFINITION 4.1. A chain

0=WecViche -V, =
with dim V; = j is called a flag of V.

Restating (2), we have that, if L is a soluble Lie subalgebra of gl(V') then there is a flag
with L(V;) <V for each 4, and if L is nilpotent then there is a flag with L(V;) < V;_; for
each 1.

A theorem of Engel. Before proving Engel’s family of results we need some prepa-
ration.

DEFINITION 4.2. The idealiser of a subset S of a Lie algebra L is
1dr(S) ={y e L : [y,5] C S}
12



This is also called the normaliser.
If S is a subalgebra then S < Id(S).

We say that L has the idealiser condition if every proper subalgebra has a strictly larger
idealiser.

LEMMA 4.3. (2.13) If L is a nilpotent Lie algebra, then it has the idealiser condition.

Proof. Let K be a proper Lie subalgebra of L, and let r be minimal such that Z,(L) £ K.
(Note: for nilpotent L, L = Z4(L) for some s. Exercise: if s is the smallest such index,
then the nilpotency class is s + 1.)

We have r > 1, and [K,Z,] < [L,Z,] < Z,_; < K (last < by minimality of 7). So
K < K + Z, < Id(K). O

DEFINITION 4.4. A representation p of a Lie algebra L is a Lie algebra homomorphism
p: L — gl(V) for some vector space V. If dim V' is finite then dim V' is the degree of p.

For example, the adjoint map ad : L — gl(L) is a representation; it is sometimes called
the regular representation. We want to consider nilpotent endomorphisms.

LEMMA 4.5. (2.15) If v € L < gl(V) and 2" = 0 (composition of endomorphisms), then
(adz)™ =0 for some m, in End.(L).

Proof. Let 6 be premultiplication by x in End (L), and ¥ postmultiplication. Then ad, =
6 — ¢. By assumption, 8" = 0 = ¥". Also note that 6% = ¥f. So (adx)* = 0. O

The key stage in proving Engel’s results is:

PROPOSITION 4.6. (2.16) Let L < gl(V') where V' is an n-dimensional vector space. Sup-
pose each x € L is a nilpotent endomorphism of V. Then there exists nonzero v € V such
that L(v) = 0. (i.e. there is a common eigenvector)

Proof. Induction on dim L. If dim L = 1, say L is spanned by x, then we can take v to
be an eigenvector of x, noting that 0 is the only eigenvalue of a nilpotent endomorphism.
Assume dim L > 1.

Claim: L satisfies the idealiser condition. Let 0 # A C L be a subalgebra; we want to
show [A+xz, A] C A for some x ¢ A. Consider p : A — gl(L) taking a — (ad, : © — [a,x]).
Since A is a subalgebra, there is an induced representation

p:A— gl(L/A) where a — (ady : z + A — [a,z] + A).

By 2.15, each ad, is nilpotent and so ad, is nilpotent. Note that dimp(A4) < dim A <
dim L. Because dim L/A < dim L, we may inductively assume the Proposition is true for
p(A) C gl(L/A); therefore, there exists x € L/A with p(a)(x+ A) = A for all a € A. That
is, [a,z] € Afor all a € A and x € Idy(A)\A. Thus the idealiser is strictly larger.

13



Now let M be a maximal (proper) subalgebra of L. By the claim, Id; (M) = L, and thus
M is an ideal of L. So dim(L/M) = 1 — otherwise, L/M would have a proper non-zero
subalgebra; pulling back to L would be contradicting maximality of M. Thus L is the
span of M and z, for some x € L.

Consider U = {u € V : M(u) = 0}. By induction, since dim M < dim L, we know that
U # {0}. (Elements of M have a common eigenvector.) For v € U;m € M,

m(z(u)) = (m,z] + 2m)(u) = 0

since [m,x] € M (because M < L). So z(u) € U, for all u € U. Take v # 0 in U such that
x(v) = 0. But L is the span of M and z, so L(v) = 0 as required. O
COROLLARY 4.7. (2.17) For L < gl(V') as in 2.16. There exists a flag0 = Vp C --- C
Vp, =V such that L(V;) < V1 for each j. In particular, L is nilpotent.
Proof. By induction. Use 2.16 to produce v. Take Vi = (v). Then consider the image of
L in gl(V/V}) and apply the inductive hypothesis. O
THEOREM 4.8 (Engel). (2.18) For a finite-dimensional Lie algebra L :

L is nilpotent <= ad, is nilpotent Vx € L.
Proof. (=) follows from 2.9.

(<= )ad: L — gl(L). If ad, is nilpotent for all = then the image ad(L) satisfies the
conditions of 2.16 and 2.17 and so ad(L) is nilpotent. But ad(L) = L/ ker(ad) = L/Z(L).
So L is nilpotent. O

LECTURE b5:

EXERCISE 5.1. For finite-dimensional Lie algebras the following are equivalent.

(1) L is nilpotent
(2) L satisfies the idealiser condition
(3) maximal (proper) subalgebras of L are ideals of L.

There is a similar statement for finite groups, replacing idealiser with normaliser.

THEOREM 5.2 (Engel). (2.19) Suppose L is a Lie subalgebra of gl(V'), where V is a finite-
dimensional vector space, and each x € L is a nilpotent endomorphism.

Then L is a nilpotent Lie algebra.

Before going on to consider Lie’s theorem about common eigenvectors for soluble Lie
algebras, let’s digress and think about derivations of Lie algebras.

DEFINITION 5.3. D € Endy(L) is a derivation of a Lie algebra L if:
D([z,y]) = [D(lﬂil),y] + [z, D(y)]



The space Der(L) of derivations forms a Lie subalgebra of gl(L).

The inner derivations are those of the form ad, for z € L.

Thus the image of ad : L — gl(L) is precisely the space of inner derivations; one could say

Innder(L) = ad(L).

PROPOSITION 5.4. (2.21) Let L be a finite-dimensional nilpotent Lie algebra. Then
Der(L) # ad(L) (i.e. there is an “outer” derivation).

EXERCISE 5.5. Show that Der(L) = ad(L) if L is soluble and nonabelian of dimension 2.

REMARK 5.6. We'll see later that, for semisimple finite-dimensional Lie algebras of char-
acteristic zero, then Der(L) = ad(L).

Thus for semisimple Lie algebras, ad : L — Der(L) is an isomorphism. (Recall that
ker(ad) = Z(L), and this is a soluble ideal. In the semisimple case, this has to be zero,
which gives injectivity.)

REMARK 5.7. Der(L)/ad(L) is the first Lie algebra cohomology group.

Proof of Proposition 2.21. Assume L is nilpotent. So it has the idealiser condition (by
2.13). Soif M is a maximal subalgebra, it is an ideal of L (saw this in the proof of Engel’s
theorem), of codimension 1 (dim L/M = 1) and M > L. Choose z € L\M. So L is
spanned by M and z. Let
C={yelL: [y,M] =0}

Then 0 C Z(M) C C < L (first proper inclusion by the nilpotency of M). Nilpotency +
Proposition 2.9(2) says that [my,[ma,[ms,---]]] = 0 for any chain of r things. So just
pick a chain of r — 1 things. (C'is an ideal by Jacobi identity and the fact that M < L.)
Set r to be the biggest index such that L) > C. Pick ¢ € C\L(, ;). The map

D:m+ X x— A
is linear, well-defined, and D(M) = 0. You need to check that D is a derivation.

We need to show this is not inner. Suppose D = ad; for some t € L. Then D(M) = 0
means that [t, M] = 0 and so t € C < L,y. Thus ¢ € D(x) = [t,x] € L(;41), which is a
contradiction. 0

WEe’ll come back to nilpotent Lie algebras in due course, when we’ll define Cartan subalge-
bras of finite-dimensional Lie algebras. By definition, these are nilpotent subalgebras that
are equal to their own idealiser (in L). We find that those are precisely the centralisers
of “regular” elements of L, and this is where some geometry appears — the set of regular
elements form a connected, dense open subset of L. When L is semisimple these Cartan
subalgebras are abelian.

The basic result for Lie’s theorem is
15



PROPOSITION 5.8. (2.22) Let k = C (we need algebraic closure). Let L be a soluble Lie
subalgebra of gl (V). If V # 0 then it contains a common eigenvector for all the elements
of L.

Proof. Induction on dim L. If dim L < 1, we’re done by the fact that eigenvectors exist
over an algebraically closed field.

Suppose dim L > 1 and the result is true for smaller dimension L. Since L is soluble and
non-zero, then L(1) C L. Let M be a maximal subalgebra in L containing LMY, Then
M <L, and dim L/M = 1. As before, pick x € L\M, and so L is spanned by M and z.
M is strictly smaller than L, and it inherits solubility, so apply the inductive hypothesis.
Find a nonzero eigenvector u € V with m(u) = A(m)u for all m € M Let u; = u and
uir1 = x(u;). Set U; to be the span of the u;. Set n to be maximal such that wuq, -, uy
are linearly independent.

CLAM 5.9. Each M(U;) < U; for each i, and m(u;) = A(m)u; (mod U;_1) fori <n.
(Thus if we use the basis uy,--- ,u, of U, then m € M is represented by a triangular
matriz, with A(m) on all the diagonal entries.)

Proof. By induction. If i = 1 use the single eigenvector from before.

If m(u;) = A(m)u; (mod U;—1) then x(m(u;)) = A(m)z(u;) (mod U;), and m(uj+1) =
m(x(u;)) = ( I[m_,x]l +xm)(u;) = A(m)uj+1 (mod U;). O

=mI—xm

So, with this good choice of basis we can make every m € M into a triangular matrix.
For m € L() these matrices have trace zero (commutators have trace zero), but trace =
n - A(m). Since chark = 0, we have A\(m) = 0 for m € L(),

CrLAM 5.10. All the u;’s are eigenvectors: m(u;) = A(m)u;.

Proof of claim. Again by induction. So assume m(u;) = A(m)u;. Then we have

m(uit+1) = ([m, z] + xzm)(u;) = xmu; = AN(m)uitpq.

Thus U, is an eigenspace for M, invariant under z: z(U,) < U,. So pick an eigenvector
for x in U,; this is necessarily a common eigenvector for L. U

LECTURE 6:

Last notes about solubility and Lie’s theorem.
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COROLLARY 6.1 (Lie’s theorem). (2.23) For a soluble complex Lie subalgebra L of gl(V)
there is a flag {Vi} such that L(V;) < Vj.

PROPOSITION 6.2. (2.2/) Let L be a finite-dimensional soluble complex Lie algebra. Then
there is a chain of ideals

O=Jy<i<...<J,=1L
with dim J; = 1.

Proof. Apply Corollary 2.23 to ad(L); the subspaces in the flag are ideals of L. O

PROPOSITION 6.3. (2.25) If L is a soluble complex Lie algebra, then LW s nilpotent.
Indeed, if x € LW then ady : L — L is nilpotent.

Proof. Take a chain of ideals as in Proposition 2.24, and choose a basis of L such that
x; € J; for everyi. Then ad, is upper triangular with respect to this basis, and so [ad,, ad,]
18 strictly upper triangular, hence nilpotent. U

DEFINITION 6.4. p : L — gl(V) for a vector space is an irreducible representation if no
subspace 0 < W < V is invariant under p(L).

COROLLARY 6.5 (Corollary to Lie’s theorem). (2.27) Irreducible representations of a finite-
dimensional soluble complex Lie algebra are all 1-dimensional.

Proof. Suppose p is irreducible. Then the common eigenvector of p(L) from Lie’s theorem
spans a l-dimensional subspace Vi < V with p(L)V; < Vi. Irreducibility implies that
i=V. O

REMARK 6.6. Recall that not all irreducible representations of finite soluble groups are
1-dimensional.

If G € GL(V) is a soluble subgroup, and k is algebraically closed (say, C), there exists a
subgroup of finite index which, w.r.t. some basis, is represented by triangular matrices.

REMARK 6.7 (Cartan’s Criterion). Let V' be a finite-dimensional vector space, L < gl(V).
Then L is soluble iff tr( zoy )=0forallz € L,y € LY. The = direction you can
—

composition
of end.

do as an exercise. Note that L x L — k sending (z,y) — tr(zy) is a symmetric bilinear
form (called a “trace form”).

REMARK 6.8. We’ll meet the Killing form
B: L x L — k where (z,y) — tr(adyady)

which plays a fundamental role in the theory of semisimple Lie algebras, because it is
nondegenerate when L is semisimple. It also has the property that

B([z,y],2) = B(z, [y, 2])

(i.e. it is “invariant”).

CHAPTER 3:
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DEFINITION 6.9. Define

Lyy,={x€L : (ady — X-1d)"x = 0 for some r}
is the generalised A-eigenspace. Note that y € Lg, since [y,y] = 0.
LEMMA 6.10. (5.2)

(1) Loy is a Lie subalgebra of L.
(2) If L is finite-dimensional and Lo, < a subalgebra A of L, then I1,(A) = A. In
particular, using (1), we know that Lo, = I1,(Loy).
Proof. (1) Lo, is a subspace. If a,b € Lo, with (ady)"(a) = 0 = (ady)®(b) then Leibniz
applies — recall ad,, is a derivation — to give
r+s

(ad ) (ant) =3 (77 ltady) @), fad o )] =0

=0

Exercise: show that
[Lay Lyl © Latpy
if A, p € C and Lemma 3.2(1) is a special case of this.

(2) Let the characteristic polynomial of ad, (in variable t) be
det(t - Id — ady) = t" f(t)

with ¢ { f(t). Note that m = dim Lo ,. ady(y) = 0 and so 0 is an eigenvalue of ad,; so
m > 1.

t™ and f(t) are coprime, and so we can write
L=q(t) - " +r(t)f(t)

for some polynomials g(¢) and r(t).

Let b e I (A). So

(6.1) b = q(ady)(ady)™(b) + r(ady) f(ady)(b).

But m > 1 and y € Lo, < A. So the first term in (6.1) is in A since b € Id;(A). By

remembering what the characteristic polynomial is, Cayley-Hamilton says that
(ady)™ f (ad, ) (b) = 0.

So f(ad,y)(b) is killed when you apply sufficiently many ad,’s to it; that means that

f(ady)(b) € Lo, C A. And so the second term in (6.1) is in A. Therefore, both terms of
barein A, so b e A. Hence Id;(A) = A.

DEFINITION 6.11. The rank of a Lie algebra L is the least m such that
det(t - Id — ady) = t™ f(t) where t 1 f(t)

for some y € L.
18



Thus the rank of L is the minimal dimension of some L ,.
DEFINITION 6.12. An element is regular if dim Lg, = rank(L).
EXERCISE 6.13. What is the rank of sl3(C) (trace zero matrices)? What about sl3(C)?

LEMMA 6.14. (3.4)
L= @LM
A

where the sum is over the eigenvalues of ad,,.

Proof. Standard linear algebra. O

EXERCISE 6.15. (3.5) Let 6 and ¥ be in End(V); let ¢ € k and let 6+ c¥ have characteristic
polynomial

flt.e)=t"+ fil)t"  + ..+ fulo)
Show that each f; is a polynomial of degree < (in c¢).

LEMMA 6.16. Let K be a subalgebra of L, and z € K with Lo, minimal in the set {Lg, :
y € K} (you can’t find anything in Lo, that’s also inside the set). Suppose K < L.
Then Lo, < Loy for ally € K.

DEFINITION 6.17. A Cartan subalgebra (CSA) of L is a nilpotent subalgebra which is
equal to its own idealiser.

THEOREM 6.18. Let H be a subalgebra of a complex Lie algebra L. Then H is a CSA iff
H is a minimal subalgebra of type Lo, (there isn’t another one of that type inside it).

LECTURE 7:

LEMMA 7.1. (3.6) Let K be a subalgebra of a complex Lie algebra L, z € K with Ly,
minimal in the set {Lo, : y € K}. Suppose K < Lo .. Then Lo, < Lo, for ally € K.

THEOREM 7.2. (3.8) A complex Lie algebra H is a CSA <= H is a minimal subalgebra
of the form Lo ,. In particular CSA’s exist.

Proof of Theorem 3.8 from Lemma 3.6. Suppose H is minimal of type Lg.. Then
I(H) = H by Lemma 3.2. Take H = K in Lemma 3.6 and we deduce H = Lg, < Loy
for all y € H. Thus each ady|g : H — H is nilpotent. Hence H is nilpotent by Engel’s
theorem.

Conversely, say H is a CSA. Then H < Lg, for all y € H (using Engel’s Theorem 2.18,
since H is nilpotent). Suppose we have strict inequality for all y € H. Choose Lg . as small
as possible (this is not an infinite descending chain because we’re assuming everything is
finite-dimensional). By Lemma 3.6 with K = H, Lo, < Lo, for all y € H, and so ad,
acts nilpotently on Lo .. Thus {ad, : y € H} induces a Lie subalgebra of gl(Lo./H) with
every element nilpotent.

So by Proposition 2.16 (existence of common eigenvector), there exists « € Lo ,\H with
[H,H +z] < H. So [z,H] < H and hence z € I (H)\H, a contradiction to the CSA
condition that H = Idy(H).
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So we can’t have strict inequality, and H must be of the form Lg, for some y. It must
be minimal, as any proper subalgebra of H satisfies the idealiser condition. So by Lemma
3.2, the subalgebra couldn’t be a Lo . (|

Proof of Lemma 3.6. Fix y € K. Consider the set S = {ad, ¢y : ¢ € k}. Write H = Ly ;.
Each z + ¢y € K < H (by supposition). So S(H) C H and so elements of S induce
endomorphisms of H and L/H. Say f(t,c) and g(t,c) are characteristic polynomials of
ad.tcy on H and L/H, respectively. If dim H = m, dim L = n, we have

flte) ="+ fi(e)t™ -t ()
g(tv C) ="+ gl(c)tn_m_l +- gnfm(c)

where f;, g; are polynomials of degree < i (see Exercise 3.5). Now ad, has no zero eigen-
values on L/H (because H is the generalised zero eigenspace of things killed by ad, and
you're getting rid of that) and so g, (0) # 0. Hence we can find ¢y, -+, ¢py1 € k with
gn-m(cj) # 0 for each j. Then g, m(cj) # 0 implies that ad..;, has no zero eigenvalues
on the quotient L/H. Hence, Lo . yc;y < H (if there was some generalized eigenvector not
in H, then there would be some nonzero generalized eigenvector in Lo z+c;y /H and hence
some eigenvector in Lo,zﬂji,,/H, a contradiction).

The choice of z implies Lg .ty = H for each ¢; (H was minimal). So 0 is the only
eigenvalue of ad,¢;y|g : H — H. That is, f(t,c;) =t™ for j=1---m+1. So fi(c;) =0
for j=1,--- ,m+ 1. But deg f; < m + 1 and so f; is identically 0. So f(¢,c) = t™ for all
c €k and so Ly .4y > H for all ¢ € k. But y was arbitrary in K. Replace y by y — z and
take ¢ = 1. This gives Lo, > H for all y € K. O

THEOREM 7.3. (3.9) Loy is a CSA if y is reqular. (Recall that y is reqular if Lo, is of
minimal dimension.)

Proof. Tmmediate. O

REMARK 7.4. One could write many of those arguments in terms of the geometry of the
space of regular elements.

PROPOSITION 7.5. (3.10) Let L be a complex Lie algebra. The set L.y of reqular elements
of L is a connected, dense open subset of L in the Zariski topology.

Proof. Let m be the rank of L. Then
det(t-Id —ady) =t"({t""" +---+ h(y) ).

| I—
constant
term

Set V.= {y € L : h(y) = 0}. This is the solution set of a polynomial equation. h(y) is
homogeneous of degree n — m given a choice of coordinates. V is Zariski-closed, and it
has empty interior since h(y) is not identically zero. Thus L,eq = L\V is open and dense.
It is also connected in the Zariski topology — the complex line including x and y € L has
finite intersection with V| and so x and y must be in the same component (we’re using
the fact that we're over C).

In the real case, the set of regular elements need not be connected. ([l
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LEMMA 7.6. (3.11) Let ¥ : L — Ly be a surjective Lie algebra homomorphism.

(1) If H is a CSA of L then Y(H) is a CSA of L.
(2) If K is a CSA of L1, and we define Ly = ¢~ 1(K) then any Cartan subalgebra H
of Lo is a CSA of L.

Proof. (1) H is nilpotent, so ¥(H) is nilpotent. We have to show that ¥Y(H) is self-
idealising. Take ¥(x) € I, (P(H)) (using surjectivity). Then ¥([z, H]) = [¢(z),P(H)| C
Y(H). So [z,H +ker¥] < H +ker¥, and x € I (H + ker¥) = H + ker® by 3.2. So
P(x) € P(H).

(2) From (1), ¥(H) is a CSA of ¥(L2) = K. So $(H) = K, since K is nilpotent and
Y(H) is equal to its idealiser (alternatively, no nilpotent algebra is properly contained in
another one, because they’re both minimal of the form Lg,). If £ € L and [z, H] < H
then [¢(z),P(H)] < ©(H) = K. So ¢(x) € I, (K). This is equal to K since K is a CSA.
Hence x € Ly = ¢"Y(K). So x € I,(H) and that’s equal to H since H is a CSA of L.
Thus I, (H) = H and H is a CSA of L. O

LECTURE &:

Examples classes: Thursday 25 Oct. MR9 2-3; MR4 3:30-4:30.

DEFINITION 8.1. The inner automorphism group of a complex Lie algebra L is the sub-
group of the automorphism group of L generated by the automorphisms of the form
2

d
eadz:1+ad$+%+'”

for x € L. Note that this exists (if L is finite-dimensional) by usual convergence arguments
using norms on operators on finite-dimensional vector spaces.

You need to check that e?® js an automorphism of L. Within this inner automorphism
group we have the subgroup generated by the e where ad, is nilpotent. Note that, in
this case, €% is a finite sum.

THEOREM 8.2. (3.13) Any two CSA’s of a finite-dimensional complex Lie algebra are
conjugate under the group

<ead“3 :ady is nilpotent>

(i.e. “conjugate” means here that they are in the same orbit of the above group).

(Not proven here; see Sternberg’s book.)
HARD EXERCISE 8.3. Prove this is true for soluble L.

EXERCISE 8.4. Prove that this is true for any 2 CSA’s for any finite-dimensional complex
Lie algebra under the full inner automorphism group.

Sketch of proof of Theorem 3.13. Let H be a CSA.
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CrAam 8.5. The set
V={x€H:ad,: L/H — L/H is invertible}
18 nonempty.

CrLAM 8.6. Let G be the inner automorphism group of L. Set W = G -V (union of all
g(V)). Then W is open in L (and non-empty).

CrLAmM 8.7. There is a regular element x € Lyey with H = L ;.

Define an equivalence relation on L., where © ~ y <= Loy, and Lo, are conjugate
under G.

CrLAM 8.8. The equivalence classes are open in Lyey. But last time, by 3.9 we saw that
Lycq is connected (where k = C).

So there is only one equivalence class, and we’re done. ]

Note, if kK = R then we don’t have just one orbit under the action of the inner automor-
phism group.

We'’ve “proved”:

PROPOSITION 8.9. (5.14) Any CSA is of the form Lg, for some regular x.

PROPOSITION 8.10. (3.15) The dimension of any CSA is the rank of L.

DEFINITION 8.11. Let p: L — gl(V') be a representation. The trace form of p is
Bla,y) = Tr(p(x)p(y))-

LEMMA 8.12. (3.17)

(1) B: L x L — k is a symmetric bilinear form on L;

(2) B(lz,yl, 2) = B, [y, 2]) for all z,y,2 € L;
(3) the radical
R={zeL: B(x,y)=0Vy e L}
is a Lie ideal of L.

Proof. (2) uses the fact that Tr([u, v]w) = Tr(ufv,w]) for all u,v,w € End(V)

(3) R is clearly a subspace, and it is an ideal by (2) O

DEFINITION 8.13. The Killing form of L is the trace form Bp, of the adjoint representation
ad : L — gl(L).

EXERCISE 8.14. (3.19) For any trace form on L, and any Lie ideal J of L, the orthogonal
space of J with respect to the form is an ideal of L. (In particular this applies to the
Killing form.)

EXERCISE 8.15. For J < L, the restriction of By, to J is equal to Bj.
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THEOREM 8.16 (Cartan-Killing criterion). (3.20) A finite dimensional Lie algebra (with
char(k) =0) is semisimple <= its Killing form is nondegenerate.

Compare this with Cartan’s solubility criterion, By (z,y) = 0 V& € L,y € L) —
solubility.

Before proving Theorem 3.20 we need to meet semisimple/ nilpotent elements.

DEFINITION 8.17. x € End(V) is semisimple iff it is diagonalisable (over C). Equivalently,
the minimal polynomial is a product of distinct linear factors.

In general, z € L is semisimple if ad, is semisimple.

Likewise, x € L is nilpotent if ad, is nilpotent.

REMARK 8.18. If x € End(V) is semisimple, and x(W) < W for a subspace W, then
x|w : W — W is semisimple.

If z,y € End(V) are semisimple, and xy = yx then z,y are simultaneously diagonalisable,
and so = + y is semisimple.

LECTURE 9:
LEMMA 9.1. (3.22) Let x € End(V'). Then:

(1) there are unique zs,x, € End(V) with xs semisimple, x, nilpotent and x =
Ts + Ty With TsT, = TpTs;
(2) there exist polynomials p(t),q(t) with zero constant term such that xs = p(x),

xn = q(x), x, and xs commute with all endomorphisms commuting with x;
(3) if A< B <V such that (B) < A, then z4(B) < A and z,(B) < A.

DEFINITION 9.2. The zs and z,, are the semisimple and nilpotent parts of x.

Proof. (3) follows from (1) and (2).

Let the characteristic polynomial of = be [[(¢t — A;)™. Then the generalised eigenspaces
look like:
Vi =ker(z — X\; - Id)™

for each i. Then V = @V;, where z(V;) < V;. The characteristic polynomial of x|y, is
(t — X\i)™. Find a polynomial p(t) with p(t) =0 (mod ¢) and p(t) = A; (mod (t — X\;)™).
This exists by the Chinese remainder theorem. Define ¢(t) = ¢t — p(t) and set x5 =
p(z),x, = q(x). p and ¢q have zero constant term. On V;, x5 — \; - Id acts like a multiple
of (x — A\ - Id)™ and so trivially. So z; is diagonalisable.

Also x,, = z —x; acts like x — \; - Id on V;, and hence nilpotently on V;. So x,, is nilpotent.
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It remains to prove uniqueness. Suppose ¥ = s + n where s is semisimple and n is
nilpotent, and sn = ns. Rewrite this condition as s(x — s) = (x — s)s which shows that x
commutes with s. Then s,n commute with x4 and x, (since x4 is a polynomial of x). If
two semisimple elements commute with each other, then their sums are semisimple (this is
because two diagonalisable elements are simultaneously diagonalisable). Sums of nilpotent
elements are always nilpotent. So zs — s = n — x,, are both semisimple and nilpotent,
hence zero. O

EXERCISE 9.3. (3.24) If z € gl(X) as in Lemma 3.22, z = =5 + z,, then ad,, and ad,,
are the semisimple and nilpotent parts of ad,.

If Z(L) =0 (e.g. if L is semisimple), then L = ad(L) and there is no ambiguity about the
definition of semisimple elements.

LEMMA 9.4. (3.25) Let A and B be subspaces of L = gl(V'), with A < B. Let M = {z €
L : [x,B] < A}. If v € M satisfies tr(xy) =0 for all y € M then x is nilpotent.

Proof. Split x into x = x5 + x,,. Pick v1,--- , v, to be a basis of V' of eigenvectors of x,
with eigenvalues Aq,-- -, A\,,. Define e;; € gl(V') with e;;(vi) = 0;5v; (this is a matrix with
a bunch of zeroes and a single 1). Note that

admseij = steij — eijms = ()\j — )\i)eij.

Let E be the Q-vector space spanned by the eigenvalues {\;}. It suffices to show that
xs = 0 or that F = 0, or that the dual of F is zero. Take a linear map f : E — Q. The
goal is to show that f = 0. Let

f(A1)
Y= € End(V)

w.r.t. the basis {v;}. Then
ady(ei;) = yeij — ey = (f(N;) — f(Xi))ei; = F(Aj — Aies;
as f is linear. Let r(t) be a polynomial with zero constant term and r7(A; — ;) = f(A;j—\)
for all ¢, 7. Then we have
ady = r(ady, ),
but by 3.24, ad,, is the semisimple part of ad,, and so is a polynomial in ad, with zero
constant term. So ad, is also such a polynomial; ad, is a polynomial in ad,,, and that is

a polynomial in ad,. But ad,(B) < A and so ady(B) < A. Thus y € M. The hypothesis
says that 0 = tr(zy) = > f(Ai)\i. Apply f, remembering that it is linear.

0="> f(n)?
So each f(\;) = 0. Hence f is zero as desired. O

THEOREM 9.5 (Cartan’s solubility criterion). (2.26) Suppose L € gl(V'). If tr(xy) =0 for
all x € L(l),y € L, then L 1is soluble.

Proof. Tt is enough to show that L() is nilpotent. For that we just show that all elements

of LM are nilpotent endomorphisms (remember Engel).
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Take A = LW, B = L in Lemma 3.25. So M = {x € L : [z,L] < LM} > L),
(Note that M # L because < means ideal in, not just contained in.) By definition L) is
generated by things of the form [z,y]. Let z € M. But tr([z,y]z) = tr(zly, 2]) (cf. 3.17).
So tr(wz) = 0 for all w € LY, z € M. By Lemma 3.25, each w € L(!) is nilpotent. [

EXERCISE 9.6. Prove the converse.

Proof of 3.20: L f.d., semisimple <= By, nondegenerate. Let R be the radical of L (the
largest soluble ideal). Exercise: convince yourself that there is such a thing.

(=) Let S be the radical of the Killing form, the set {z : tr(adzad,) =0 Vy € L}. If
x € S then 0 = Br(z,2) = Bg(z,z). By 3.17, S is an ideal. (If you restrict the Killing
form of L to an ideal, then you get the Killing form of the ideal.) By Theorem 3.26,
ad(S) is soluble. So S is a soluble ideal and so S < R. Thus if R = 0 (equivalently, L is
semisimple), then S = 0. We get nondegeneracy of the Killing form.

( <= ) Conversely, let J be an abelian ideal. Take y € J, x € L. Then ad,ad,(L) <
J. Since J is abelian, (adyady)*(L) = 0. So ad.ad, is nilpotent. Hence, the trace
tr(adzad,) = 0. But this is just the Killing form By (z,y). So we showed Br(z,y) = 0
for all z € L,y € J. We showed that J is orthogonal to everything, and so J < S. If the
Killing form is nondegenerate, J must be zero. That is, any abelian ideal is zero. This
forces even soluble ideals to be 0, and hence R = 0.

LECTURE 10:
LEMMA 10.1. (5.27) L is a finite-dimensional Lie algebra, as always.

(1) If L is semisimple then L is a direct sum € L;, where the L;’s are simple ideals
of L.

(2) If 0 #£ J< L =€ L; with L; < L, then J is a direct sum of the L;’s.

(3) If L is a direct sum of simple ideals, then L is semisimple.

Proof. (1) By induction on dim L. Let L be semisimple, and J < L. Then the orthogonal
space J* (wrt the Killing form) is an ideal (using 3.17). The non-degeneracy of By, implies
dim J + dim J+ = dim L. But J N J* is soluble (using the Cartan solubility criterion on
ad(J N J+)) and so is zero since L is semisimple. So L = J @ J+, and any ideal of .J
or J* is an ideal of L because [J,J] € J N J+ since they’re both ideals. So J and J+
are semisimple, and we can apply induction to them: J and J=+ are direct sums of simple
ideals.

2) Suppose J N L; = 0. Then [L;,J] =0, and hence J < ... L;. Now prove this part
J#FL I
by induction on dim L.
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(3) If L is a direct sum of ideals, then use (2) to prove that the radical of L is a direct
sum of simples, and is therefore zero (recall simple Lie algebras are nonabelian). U

COROLLARY 10.2. (3.28)

(1) L is semisimple iff L is uniquely a direct sum of simple ideals.
(2) Ideals and quotients are semisimple.
(3) If L is semisimple, then L = L(Y),

PROPOSITION 10.3. (5.29) If L is semisimple, then Der(L) = Inn(L) (all derivations are
inner).

Proof. Let D be a derivation of L, and x € L. Then
(10.1) (D, ady] = adpy)-

We're dealing with semisimple Lie algebras so the centre Z (L) is zero. L = ad(L)<Der(L).
Thus L may be regarded as an ideal of Der(L). The Killing form By, is the restriction
of Bpepry- Let J be the orthogonal space ad(L)* (with respect to Bper(r)); an ideal
of Der(L). The point is to show that J = 0. By the non-degeneracy of B,y = Br,
JNad(L) = 0. So [ad(L), J] < ad(L)NJ = 0. Thus if D € J, then using (10.1), adp(y) = 0
for all x € L. That is, D(x) € Z(L) = 0. Thus, D(x) =0 for all x € L, and D = 0. Hence
J =0 and so Der(L) = Ad(L). O

THEOREM 10.4. (3.30) Let H be a CSA of a semisimple Lie algebra L. Then,

(1) H is abelian;

(2) the centraliser Zr,(H) ={x : [z,h] =0VYh € H} is H;

(3) every element of H is semisimple;

(4) the restriction of the Killing form By to H is non-degenerate.

Proof. (4) Let H be a CSA. Then H = Ly, for some regular element y € L (this was
only discussed sketchily. .. but take it on faith for now). Consider the decomposition of L
into generalised eigenspaces of ady: L = Lo, @ Z)\#O Lyy. Let By, be the Killing form
on L. We want to show that L), and L, , are orthogonal, if A 4+ p # 0; that is, for
uw € Lyy,v € Ly, we need to show that By (u,v) = tr(ad,ad,) = 0. Recall that

[Lays Lyl C Ly

The operator ad,ad, maps each generalised eigenspace into a different one. So
tr(adyad,) = 0. There can be nothing on the diagonal of the matriz for ad,ad,, because
then that would mean part of some L, got mapped into Ly ,.

Thus the generalised eigenspaces Ly, and L, , are orthogonal if A 4y # 0. So
L= Loy ® P (Lay +Lory)-

But By, is non-degenerate and so its restriction to each summand is non-degenerate. In
particular, By, restricted to H = Lo, is non-degenerate.

(1) Consider the restriction ad|y : H — gl(L) via  + ad,. The converse of Cartan’s
solubility criterion (exercise — think about triangular matrices) implies, since H is soluble

(because nilpotent = soluble) that tr(ady,,ads,) = 0 for all z; € H and x5 € H,
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Thus, H is orthogonal to H w.r.t. the Killing form By. But (4) says that Bp|py is
non-degenerate. So HY) =0, and H is abelian.

(2) The centraliser of H contains H (since H is abelian), and sits inside the idealiser of
H. But H is a CSA, and is therefore equal to its idealiser. That forces H = Zp(H).

(3) Let € H. We can always decompose © = x5+, for x5 semisimple and z,, nilpotent
(using ad, and L = ad(L) for L semisimple). Recall that as part of the definition, x5 and
xn commute with z; also ad,, and ad;, are polynomials in ad,. If h € H it commutes
with z by (1) and so it commutes with x5 and x,,. Thus zs and z,, € Z(H) = H by part
(2). But zs and x,, commute and ad,, is nilpotent and so adjad,, is also nilpotent. So
tr(adpady,) = 0. Thus Bp(h,x,) =0 for all h € H. But x,, € H and so non-degeneracy
of Br|u (by (4)) implies that x,, = 0. Thus z = z, is semisimple. O

Since H is abelian when L is semisimple, ad,, and ad,, commute for any y1,y2 € H. They
are diagonalisable because they are semisimple. So there are common eigenspaces, called
weight spaces.

Giwen H, pick a basis e1,--- ,e, of L with respect to which the ady,’s are all diagonal
matrices (for y € H). So then, for each y, there is a set of \i(y) such that ady,(e;) =
Ai(y)ei. Since adyiy = ady + ad,, we have
iz +y)e; = adyiye; = (ady + ady)e; = (Ni(z) + Ni(y))e;

50 Ni(x)+Xi(y) = Ni(x+y). The same thing works for scalar multiplication, so each \; can
be thought of as a linear function of y € H, such that Ly,(y) = {x € L : ady(xz) = \i(y)z}
is an eigenspace, for each y. Furthermore, since this space is secretly span(e;) (which is
independent of y), Ly, (y) doesn’t depend on y, so we can write it as just Ly,.

We knew all along that L = @, span(e;), but now we can rewrite that as L = €, Ly,.
This is all the stuff below is saying, except that we know that there are only finitely many
“valid” eigenvalues \;, so all but finitely many of the spaces below (i.e. the Ly, where
isn’t an eigenvalue) are trivial.

So...does this imply that all the nontrivial L, are 1-dimensional? No: if, for some i, j,
we have \i(y) = \j(y) for all y, then Ly, = Ly, has dimension (at least) 2.

DEFINITION 10.5.
Lo={z €L : ady(z) =a(y)x foryc H}
where o : H — k is linear (an element of the dual of H).

Note H = Lg and there is a decomposition

L=Lyo |PLa
a#0
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How does this compare to the decomposition L = Loy, @ (Lxy + L_»x,) for a particular
y? Suppose \; : H — C is a linear functional as above. Then, using definitions, Ly, C
Ly, (y),y Jor every y. But, for any given y, there is not necessarily a 1-1 correspondence
between spaces Ly, and Ly, - For example, suppose L is 3-dimensional, with different
eigenvalue functionals o, B, and ~y corresponding to the simultaneously diagonalizing basis,
and suppose a(y) = B(y) at a particular y. Then the Cartan decomposition will be L =
Lo ® Lg @ L, (three 1-dimensional spaces), but the Ly ,-decomposition as in 3.30 will be
Loty)y © La),y — the sum of a I-dimensional space and a 2-dimensional space which is

also equal to Ly -

LECTURE 11: Ocroner 31

CHAPTER 4:

Introduction to root systems. Let L be a semisimple complex Lie algebra. The
Cartan decomposition of L is

L=Ly® @ La
a#0
with respect to our choice H of CSA. We say the elements of L, have weight o. The o # 0
for which L, # 0 are the roots of L (relative to H). Define ® to be the set of roots of L.
We have Ly = H and m,, = dim L, for each weight a, with (—, —) for the Killing form,
which we know to be nondegenerate. Write W+ for the orthogonal space of .

REMARK 11.1. We’ll be discussing the case £ = C, but that isn’t really necessary. The
important thing is that we have the Cartan decomposition. This doesn’t necessarily occur
if K =R — not all semisimple real Lie algebras split in this way. Those that do are called
split semisimple.

EXERCISE 11.2. Think of a semisimple real Lie algebra which isn’t split semisimple.
LEMMA 11.3. (4.2)

(1) If z,y € H then (z,y) = Y co Ma(z)a(y), where mq = dim L.

2) If a, B are weights with oo+ 3 # 0 then (Lo, Lg) = 0.

) If a € ®, then —av € .

) (—,—) restricted to H is nondegenerate.

) If « is a weight, then Lo, N LY, = 0. This is a converse to (2): if x € L, is
nonzero, then it does not kill L_,,.

(6) If h # 0 is in H, then a(h) # 0 for some a € ®, and so ® spans the dual space

of H.

3
4
)

o~ o~~~

Proof. (1) Remember that (x,y) := tr(ad,ad,)! Choose a basis for each weight space
— taking their union gives a basis of L. ad, and ad, are both represented by diagonal
matrices.

(2) We did this when proving Theorem 3.30(4).
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(3) Suppose o € ® but —a ¢ ®. Then (Lo, Lg) = 0 for all weights 5 by (2), and so
(L, L) = 0 (by the direct sum representation of L). But the nondegeneracy of the Killing
form implies L, = 0, a contradiction.

(4) This is Theorem 3.30(4).

(5) Take x € Lo N LE,. Then (z,Lg) = 0 for all weights 8. By the same argument we
just did, since L is the direct sum of all the Lg’s, we have (x,L) = 0 and hence z = 0 by
nondegeneracy.

(6) If a(h) =0 for all @ € @, then (h,z) = > moa(h)a(x) =0 by (1). Nondegeneracy of
(—,—) on H forces h = 0. Thus, if h # 0 then there is some o € ® with a(h) # 0. O

We shall show that we have a finite root system within the dual space H*. Root systems
are subsets of real Euclidean vector spaces, rather than complex ones, and so we are going
to be using the real span of ® in H*.

DEFINITION 11.4. A subset ® of a real Euclidean vector space E is a root system if

(1) @ is finite, spans F, and does not contain 0.

(2) For each o € ® there is a reflection s, with respect to o leaving ® invariant that
preserves the inner product, with s,(«) = —«, and the set of points fixed by s,
is a hyperplane (codimension 1) in E.

(3) For each a, 8 € ®, s,(f) — [ is an integer multiple of «.

(4) For all o, 5 € @ 289 ¢ 7, where (—,—) is not the Killing form, but rather the

B CE)
inner product on a real vector space H*.

The dimension of E is the rank of the root system.

Note that the reflection s, has reflecting hyperplane P, of elements orthogonal to a. Also,
2(a, B
Sa(ﬁ) =3- ( )

(o, @)
Let E* be the dual space of E. Let oV be the unique element of E* which vanishes on P,
and takes value 2 on «. Then

Q.

sa(B) =B~ (a’,B)a
where (—, —) is the canonical pairing of E* and E. Here oV is called the inverse root.
(Try writing (3) in terms of inverse roots.)

DEFINITION 11.5. A root system & is reduced if, for each o € ®, @ and —« are the only
two roots proportional to .

If a root system is not reduced, it contains two proportional roots o and ta, with 0 < t < 1.
Applying (3) to f = ta, we see that 2t € Z, and so t = % So the roots proportional to

a are —a, —5, 5,a. The reduced root systems are the only ones we need when looking
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at semisimple complex Lie algebras. Nonreduced systems arise when you look at the real
case.

DEFINITION 11.6. The Weyl group W (®) of a root system & is the subgroup of the
orthogonal group generated by the s,, a € ®. Note that since ® is finite, spans FE,
and each generator leaves ® invariant, W (®) is a finite reflection group. More generally,
we may obtain infinite Coxeter groups generated by ‘reflections’ w.r.t. nondegenerate
symmetric bilinear forms on real vector spaces.

LECTURE 12:

EXAMPLE 12.1 (Root systems of rank 1). The only reduced root system is {«, —a}. This
is type Aj.

EXAMPLE 12.2 (Root systems of rank 2). The only reduced root systems of rank 2 are:

B ﬁ_}_a ﬂ b+« ﬁ+2a
— « —Q [0
R S
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208 + 3«

B B+ a B+ 2« B+ 3«

—B =3« —B -2« e -

—28 — 3«

The rank 1 root system arises from the Lie algebra sls, which has a Cartan decomposition
5[2 - L[) @ La @ Lfa

where

A0
w={( )
We have elements

1 0 0 1 0 0
(D ) em e (0 Nenn 1= (0 Yer
adp, has 3 eigenvalues: 2,0, —2. o € H* is the linear form
A0
(0 A) — 2
so a(h) = 2. h is the coroot (or inverse root) of .
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In the general case, you look for elements h,e, f and show they form a root system. So
in the terminology of the last lecture, instead of showing that ® is a root system, we will
show that its dual is.

DEFINITION 12.3. The a-string of roots through f is the largest arithmetic progression
ﬁ_qaf" ,,8+p0[
all of whose elements are weights.

LEMMA 12.4. (4.7) Let a,, B € .
(1)
(Z rmﬁ—i—ra/ Zmﬁ—i-roz)
r=—q

forallx € [L_,, Ly] C H= Lo, where dim L, = m,,.
(2) If 0 # x € [La, L—_qo] then a(x) # 0.
(3) [La,L—a] #0.

Proof. (1) Let M =3"_  Lgira- S0 [Lia, M] < M. An element x € [Lq, L—4] belongs

to the derived subalgebra of the Lie algebra 1Y), So adz|pr : M — M has zero trace.
But tr(ady|m) = 20—, mpira(B + ra)(z) = 0. Rearranging gives (1): the denominator
> r——qMp+ra is nONZErTO since B is a root.

(2) If a(z) = 0 then we deduce from (1) that 5(z) = 0, for all roots 5. This contradicts
4.2(6). So if x # 0 € [Lq, L_4], then a(x) # 0.

(3) Let v € L_,. Then [h,v] = —a(h)v for all h € H (by definition of the weight).
Choose u € Ly, with (u,v) # 0, by 4.2(5). Choose h € H with a(h) # 0. Set z =
[u v] € [Lay L—4]. Then (z,h) = (u, [h,v]), using the property of the Killing form. This is

a(h)(u,v) #0. Sox # 0. O

LEMMA 12.5. (4.8)

(1) mo =1 for all « € ®, and if na € ® for n € Z, then n = +1.
(2) B(x) = BPa(x) for all x € [Lqa, L_o)].

Proof. (1) Let u,v,x be as in Lemma 4.7(3). Take A to be the Lie algebra generated
by v and v, and N to be the vector space span of v,H and ) _; Lro. Then [u, N] <
H® Y Ly, < N. Similarly, [v,N] < [v, H] @ZT>O[U L,o] < N. Thus [A,N] < N. So
[, N] < N and we can consider ad,|y : N — N.

As previously, z = [u, v] is in A1), and we have

0 =tr(ady|n) = )+ meroz
r>0

—1+ ) rmp)a(z)

But a(x) # 0 by 4.7(2). So > rmyq = 1. Thus my = 1 for all a. If na is a root for
n € N, then n = +1.
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(2) This follows from (1) and 4.7(1). O

EXERCISE 12.6. If 4+ na € ® then —g < n < p (i.e. the only roots of the form 5 + na
are the things in the a-string; there are no gaps). Hint: Apply 4.8(2) to two «a-strings.

LEMMA 12.7. (4.9) If « € ® and ca € ® where ¢ € C, then ¢ = £1.

Proof. Set 8 = ca. The a-string through (5 is § — g, -+, + pa. Choose x € [Ly, L_4]
so that a(z) # 0 (from two lemmas ago). Then f(z) = SRa(x) by 4.8(2). So ¢ = %5
But ¢ — p is odd; otherwise we're done by 4.8(1). Sor = 1(p — ¢+ 1) € Z. Note that
—q <r < p. Hence ® contains  + ra (since p and g were the endpoints of the a-string).
That is,

S Q

1 1
Brra=g@—ptp—g+tla=gace®
So @ contains a and 2(3a), which contradicts 4.8(1). O

LEMMA 12.8. (4.10)

(1) For a € ® we can choose hy € H, €4 € Lo, fo = e—q € L_,, such that:
(a) (ha,x) = a(z) for allx € H
(b) hatp =ha £ hg, hoq = —hq and the hy (o € ®) span H;
(¢) ha = [ea,e—al, and (eq,e—q) =1
(2) If dim L = n and dim H = ¢ then the number of roots is 2s :=n — £, and { < s.

Proof. (1a) Define h* by h*(x) = (h,z) for all x € H,h € H. Thus each h* € H*, the dual
of H. h +— h* is linear, and the map is injective by the nondegeneracy of the restriction
of the Killing form By, to H (see 3.30). Hence it is surjective, and we can pick h, to be
the preimage of «.

Idea: Define H — H* wvia h — (h,—). This is injective by nondegeneracy of Br, hence
an isomorphism. So « has a preimage; call it hy,.

(1b) follows as h — h* is linear, and because the o € ® actually span H* by 4.2(6).

(1c) By 4.2, there exists e1o € L1y with (eq,e—q) # 0. Adjust by scalar multiplication
to make (eq,e—q) = 1. Let x € H. Then consider the Killing form ([eq,e—_q],z) =
(s [e—a,x]) (by properties of a trace form). This is a(z)(eq,€—a) = (ha,x). So
[ease—a] = ha.

Idea: pick eq € Ly, e—q € L_q, basically at random, except (eq,e—q) # 0. You have to
show that [eq, e_q| satisfies the “property of being hy,” (i.e. (hayh) = a(x)).

(2) Each weight space # H has dimension 1. So the number of roots is an even number

2s = n — ¢ (counting dimensions), and the elements of the form h,, span H, and so ¢ < s.
O
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LECTURE 13:

We're going to show that that hy’s (from 4.10) may be embedded in a real Euclidean
space to form a root system.

EXERCISE 13.1. If o, B € ® with a + 8 and a —  not in ® then prove that (hq, hg) = 0.
LEMMA 13.2. (4.11)

(1)

@) 2
hg, ha
Zﬁe@( 85 ha) _ 4 cZ:
(has ha)? (ha, ha)
(3) (ha,hg) € Q for all a, p € ®;
(4) For all o, B € ® we have
2(h,3> ha)
b — ((haaha) ) ae€d.
Proof. (1) First, (hq,ha) = a(ha) # 0 by 4.7(2).
2(hg, ha) _ 26(ha) _ ya—p
(ha ha) a(hy) 2
where 8 — qa, - - - , 8 + pa is the a-string through .

(2) For z,y € H we have

(z,y) =Y B(x)B(y)

Bed
by various things: 4.2(1), 4.8(1). So (ha,ha) =D sco B(ha)? = zﬁ(hg,ha)Q. Adjust to
get what we want.

(3) Follows from (1) and (2).

W 2(hg, hq)
_ ([ AEE ) = _
B ( () > a=pF+(p—-qo
lies in the a-string through . O
Define

= {Z)\aha : )\ae(@}

to be the rational span of the h,’s. Clearly H C H. Since the ho span H we can find a
subset hq,- -+, hy which is a C-basis of H.

LEMMA 13.3. (4.12) The Killing form restricted to H is an inner product, and {h1,--+ , he}
1s a Q-basis of H.
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Proof. Br|g is symmetric, bilinear, rational-valued by 4.11(3).

Let 2 € H. Then

(z,x) = Z a(r)? = Z(ha,x)Q.

acd acd
Each (hq,x) € Q and (z,x) > 0 with equality only if each (hy,z) = a(x) = 0 (and thus
when = = 0).

It remains to show that each h, is a rational linear combination of the h;’s. We have
ha = Z)‘Zhu but >\z € (C (ha,hj) = Z)\Z(hz,h]) and (hl,hj) S Q by 411(3) The
matrix (h;, hj) is an £ x £ matrix over Q, non-singular as By, |5 is non-degenerate.

So it is an invertible rational matrix. Multiplying by the inverse gives \; € Q. O

We can now regard H as embedded in a real /-dimensional Euclidean space.
THEOREM 13.4. Let ® = {hy : o € ®}. Then

(1) ® spans E and 0 ¢ @'.

(2) If h € ®' then —h € @'.

(3) If hk € O then 2AEMp € 7.
(4)

(h,h)

4) If hk € @ then k — 2(%% €Y,

Thus @ is a reduced root system in E (it’s reduced by 4.8(1)).

Now suppose we have a general root system ® with inner product (—, —).
DEFINITION 13.5. For a root system write n(3, a) for % € Z.

REMARK 13.6. n(—,—) is not necessarily symmetric. With respect to the Euclidean
structure let |a| = («, a)%. The angle 6 between « and 3 is given by

(a, B) = |al|B] cos .
Note that n(5,«) = 218l cos 6.

laf

PROPOSITION 13.7. (/.1/)
n(B, a)n(a, B) = 4cos? 6.

Since n(fB,a) is an integer, 4 cos? # is an integer, so it must be one of 0,1,2,3 or 4 (with
4 being when « and [ are proportional).

For non-proportional roots there are 7 possibilities up to transposition of o and j3:
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n(,8) n(B,0) 8
0 0z
1 1 5 1Bl=la
- -1 F Bl =l
1 2 T 18l=v2|al
-1 -2 3|8 = V2al
1 3 518l = V3lal
-1 -3 18l =V3al

EXERCISE 13.8. (4.15) Let « and 8 be two non-proportional roots. If n(5,«) > 0 then
o — (3 is a root.

Proof. Look at the table above: if n(B,a) > 0 then n(a,B) = 1, and so so(B) = B —
n(a, f)a = — « is a root. Furthermore, szg_o(f —a) =a — 5 so o — B is a root. O
DEFINITION 13.9. A subset A of a root system ® in F is a base of ® if

(1) A is a basis of the vector space E
(2) each € ® can be written as a linear combination

B:Zk‘aa

aEA

where all k,’s are integers of the same sign (i.e. all > 0 or all < 0)

Suppose we have a base A (we’ll see they exist next time).

DEFINITION 13.10. The Cartan matriz of the root system w.r.t. the given base A is the
matrix (n(c, 3))|a,seA-

ExAMPLE 13.11. The Cartan matrix for G is (_23 _21) where {a, 5} is a base.
REMARK 13.12. n(a,«a) = 2 for all «, and so we necessarily have 2’s on the leading
diagonal. We will see that the other terms have to be negative.

DEFINITION 13.13. A Cozeter graph is a finite graph, where each pair of distinct vertices
is joined by 0,1,2, or 3 edges. Given a root system with base A, the Coxeter graph of ®
(w.r.t. A) is defined by having vertices as elements of A, and vertex « is jointed to vertex
B by 0, 1, 2, or 3 edges according to whether n(a, 8)n(5,a) =0,1,2 or 3.

ExaMpPLE 13.14. The Coxeter graph of the root systems of rank 2 are:

e Type A1 x Ay: o °
e Type Ay: e

e Type By: e ——

o Type Go: o =—=

THEOREM 13.15. Fvery connected non-empty Coxeter graph associated to a root system
s isomorphic to one of the following:
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e Type A, (n vertices):
[ ] [ ] .. [ ] [ ]
e Type By,
[ ] [ J [ J [
e D,
[
[ ] [
\.
[ ] G2
oe——0
o [}
[ ] o ——eo [ ]
[ ] E6
[ ] [ ) [ [ ] [ )
[ ]
[ ] E7
[ ] [ ] [ [ ] [ ] [
[
[ ] Eg
[ ] [ ] [ ] [ ] [ [ ] [ ]

LECTURE 14:

Coxeter graphs are not enough to distinguish between root systems. It gives the angles
between two roots without saying anything about their relative lengths. In particular, B,
and C), have the same Coxeter graph. There are two ways of fixing this problem: (1) put
arrows on some of the edges; (2) label the vertices. Method (1) is illustrated below:

Type By:

Type Chy:
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Type Ga:
oe——e0
Type Fjy:

o —— e

Dynkin diagrams are the right way to do method (2).

DEFINITION 14.1. A Dynkin diagram is a labelled Coxeter graph, where the labels are
proportional to the squares (o, «) of the lengths of the root a.

Specifying the Dynkin diagram is enough to determine the Cartan matrix of the root
system (and in fact this is enough to determine the root system). We’ll come back to
constructing the root systems from the listed Dynkin diagrams in two lectures’ time.

If « = 8 then n(a, ) = 2. If @ # B, and if a and § are not joined by an edge, then
n(a, ) = 0. If a # f and if @ and B are joined by an edge, AND the label of o < the
label of 3, then n(a, ) = —1. If a # § and if o and 8 are joined by i edges (1 < i < 3)
and if the label of a > the label of 3, then n(a, f) = —i.

THEOREM 14.2. (4.20) Each nonempty connected Dynkin diagram of an irreducible root
system is isomorphic to one of the following:

o Type Ay,
1 1 1 1 1
e Type By,
2 2 2 2 1
o Type Cy,
1 1 1 1 2
e D,
1
e—1—1
\1
forn > 4.
e Type G
1==3
e Type Fy is
l—1===2—-2

e Fvery vertex in the E; graphs has label 1.

EXERCISE 14.3. Given a root system ® then the inverse roots (coroots) a¥ for a € ® form
a dual or inverse root system. Show that if ® is of type B, then its dual will be of type
Ch.
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Remarks about the proof of 4.20. The method is to associate a quadratic form to a graph
G with ¢ vertices. Take R’ a real vector space. Then

Q(z1,-++,x0)) = Y qijwiz; where i = 2,qij = qj; = —/s for i # j
where s is the number of edges connecting v; with v;. This ensures that the Coxeter

graphs of a root system & are associated with positive definite forms. Check this, using
the fact that ¢;; = 2, ¢;; = Aai0g) i # 7.

lavile; ]

So we then classify the graphs whose quadratic form is positive definite.

EXERCISE 14.4. If G is positive definite and connected, then:

e The graphs obtained by deleting some vertices, and all the edges going into them,
are also positive definite.

e If we replace multiple edges by a single edge, then we get a tree (i.e. there are
no loops). The number of pairs (v;,v;) are connected by an edge is < /.

e There are no more than 3 edges from a given edge in the Coxeter graph.

Then show:
THEOREM 14.5. (/.22)[unproved here]

The following is a complete list of positive definite graphs:

(1) A (£>1)
(2) By (¢>2)
(3) Dy (£ =4)

(4) Eﬁ) E77 E8a F47 G2~

Then you have to consider the possible labellings for the graphs to yield the Dynkin matriz/
Cartan matrix.

O

DI1GRESSION 14.6. The classification of positive definite graphs appears elsewhere, e.g. in
the complex representation theory of quivers. A quiver has vertices and oriented edges.
A representation of () is a vector space V; associated with each vertex 7, and a linear map
Vi — V; corresponding to each directed edge i — j.

The representation theory of quivers is quite widespread in algebraic geometry.
An indecomposable representation is one which cannot be split as a direct sum of two

non-trivial representations.

QUESTION 14.7. Which quivers only have finitely many indecomposable complex repre-
sentations, i.e. “of finite representation type”?
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ANSWER 14.8 (Gabriel). It happens iff the underlying (undirected) graph is one of:
An7 Dna E67 E7a E8

and the indecomposable representations are in 1-1 correspondence with the positive roots
of the root system of the Coxeter graph, by setting E = R’ (where £ is the number of
vertices) and consider the dimension vector (dim Vi, dim V5, - -+, dim V).

The modern proof of Gabriel’s results involves looking at representation categories of the
various quivers with the same underlying graph. There are “Coxeter functors” mapping
from a representation of one such quiver to a representation of another such with the effect
of reflecting the dimension vector.

OK, back to our unfinished business. We were assuming that we had a base, and therefore
Cartan matrices, etc. etc. Now we prove that we actually do have a base.

Recall that a subset A of a root system & is a base if

(1) it is a basis of E, and
(2) each root can be written as ) . koo, where the k, are either all > 0, or all
<0.

Note that the expression 5 =Y ko« is unique.

DEFINITION 14.9. (4.22%) B is a positive root if all k; > 0, and a negative root if all the
ki <0.

The elements of ® are simple roots w.r.t. A if they cannot be written as the sum of two
positive roots.

We can partially order ® by writing v > § if v = § or v — J is a sum of simple roots with
non-negative integer coefficients. Let ® and ®~ denote the sets of positive roots and
negative roots, respectively.

LECTURE 15:

Recall we have hyperplanes P, that are fixed by reflections. Then E\|J,cq Pu is
nonempty. If v € E\U,ce Po then say 7 is regular (note: this is not the same regu-
lar we met before). For v € E define

T (y)={a€® : (y,a) > 0}.

If 7y is regular, then ® = ®*(y) U (=Pt (y)). Call a € ®*(v) decomposable if & = a1 + o,
with each ay,ay € ®T(); otherwise, « is indecomposable.

LEMMA 15.1. (4.23) If v € E is regular, then the set A(vy) of all the indecomposable roots
in ®T(v) is a base of ®. Every base has this form.
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Proof. Each a € () is a non-negative integral combination of the elements of A(vy).
Otherwise, choose “bad” « with (v,«) minimal; so « is not indecomposable. That is,
we can decompose it as a = a1 + ag for a; € ®T(y), and (v,a) = (v,1) + (7,a2). By
minimality, a; and ag are “good” and hence « is. This is a contradiction.

So A(y) spans E and satisfies (2) of the definition of a base. To show linear independence,
it’s enough to show that each (o, 3) < 0 when o # (3 in A(v). Why does this suffice?
Suppose Y rqa = 0 where ro, € R and o € A(y). Then rewrite this as ) sqo = Y tgf3,
where s and tg are all positive. Define e =) sqa =Y tgf. Then

0< (g,8) = (3 sax, > tgh)
=2

Sat
| I— |

B
>0

(cr, 8)
=0

50 8¢ =15 = 0.

Otherwise, (a, 3) > 0 and so a— 3 is a root by 4.15. Soa—f € ®T(y) or —a € dF (7).
In the first case, a = (o — ) + 8 and so « is not indecomposable and similarly for the
second case.

Now we show that every base has this form. Suppose A is a given base. Choose ~ such
that (y,a) > 0 for all &« € A (check we can do this). So 7 is regular; we’ll show that
A = A(y). Certainly @ C ®*(y). Hence —®* C —®*(y). So ®* = &F(y). Now I
claim that A C A(y): if a € A could be written as a = a1 + s for ay,as € d1(y) = &,
then write each «; as a positive sum of roots in A; this is a contradiction to the unique
expression of o as a sum of simple roots. But |A] = |A(y)] =dim E. So A = A(y). O

LEMMA 15.2. (4.2/)

(1) (a,8) <0 and o — B ¢ © for all distinct o, 8 € A (and hence the non-diagonal
entries of the Cartan matriz w.r.t. A are <0).

(2) Ifa € ®t and a ¢ A then o — 3 € ®T for some € A.

(3) Each o € ®F is of the form 31+ - -+ By where each partial sum By +---+f; €
and where each B; € A (the terms in the sum are not necessarily distinct).

(4) If « is simple then s, (the reflection) permutes ®\{a}. So if p = %Zﬁeqﬁ Ié]
then sq(p) = p — a.

Proof. (1) a— 8 € ® would contradict part (2) of the definition of the base. “Obtuseness”
(i.e. (o, B) <0) follows from 4.15.

(2) If (a,8) < 0 for all B € A then AU {a} would be linearly independent. (Because
a € DT we can write o = Y k;iB; for k; > 0. Then we have 0 < (o, ) = > k; (B;, ),

S0 =0
which is a contradiction.) So («, ) > 0 for some § € A, and so a — f € ® by 4.15.
Write a = ) kg, 5; where kg, € 720, If kg > 0 then o — f3 still has all positive coefficients.
Since a ¢ A, it can be written as a sum of at least two simple roots, and subtracting

still leaves one simple root with positive coefficient. Since o — 3 € @, it is a positive root.
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(3) follows from (2) by induction.

(4) If 8 =3 kyy € @*\{a} then there is some k, > 0 with v # «. But the coefficient of
vin sq(B) =8 — 2((52;1))0[ is ky > 0. So s4(8) € 2T\{a}. O

REMARK 15.3. The half positive root sum p is a fundamental object in representation
theory.

Now consider the Weyl group — it’s generated by the reflections s, for o € ®.
LEMMA 15.4. (4.25) Let A be a base with simple roots, in a root system ®.

(1) If o € GL(E) satisfies o(®) = ®, then 05,0 = 5,(4).
(2) If a1, -+ ,a¢ € A is a collection of (not necessarily distinct) roots, and if
Say *** Sap (1) is a negative root, then for some uw with 1 < uw < t we have

Sat “ e sal — Sat P Sau+18au_1 “ e 8042'
(3) If o = sy - - s1 1s an expression for o in terms of simple reflections (corresponding
to simple roots aq, . .., o) with t minimal, then o(ay) < 0.

Proof. (1) Take a € ®, § € E. Then
(0500 ) (B) = 54(8)
=o(B—n(f,a)a)
= o(B) —n(B,a)o(a)

So 05,0~ ! fixes the hyperplane o(P,) elementwise, and sends o(a) — —o(a).
Thus 05,01 = So(a)-

(2) Take u minimal with s, -+ - sa(a1) < 0. Then 1 < u <t and 8 = sy—1---s2(c;) > 0 by
minimality. By 4.24(4) we have 8 = ay,. Let 0 = 8,1+ s2. Then sy, = 55(4,) = 05,0
by (1). The result follows by rearranging.

3) is immediate. O
(3)

REMARK 15.5. Compare with the proof that an orthogonal map is a product of reflections.
We’'re looking at a particular orthogonal map preserving the root system ®, and showing
that it is a product of well-chosen reflections.

LECTURE 16:
LEMMA 16.1. (4.26) Let W = W (®) be the Weyl group.

(1) If v € E is regular, then there exists o € W with (o(y),a) > 0 for all « € A.
Thus W permutes the bases transitively.
(2) For a € ® then o(a) € A for some o € W.
(3) W is generated by the simple reflections: W = (sq : a € A)
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(4) W permutes the bases regqularly: if o(A) = A for o € W then o = 1.

Proof. Let W' = (s : a € A) < W. It suffices to prove (1) and (2) for W’ in place of W.
Let p =13 .o+ a. Choose o € W’ with (o(7), p) as large as possible. Then for o € A
we have s, € W’. So

(@(7),p) = (sa0(7),p) = (6(7), 5a(p))
where equality holds because reflections preserve inner products.
= (0(7)7p) - (0(7)705)
using 4.24(4)

Hence each (o(7),a) > 0; equality would imply (v,07'(a)) = 0 and hence v € P,—1(,)
contradicting regularity. Also 0~ !(A) is a base with (y,a) > 0 for all &’ € 07}(A). So
the argument of 4.23(3) shows that 0~ '(A) = A(7y). Since any base is of the form A(y)
(by 4.23), transitivity on bases follows.

(2) It suffices to show that each root « is in a base and then we use (1). Choose 71 €
PA\U(Ps : B # +a). Let € = $min (|(11,8)] : B # £a). Choose 2 with 0 < (y2,0a) <€
and |(v2, )| < € for each 8 # +a (e.g. 72 may be a multiple of «v this works because there
are finitely many B’s, and there is a da that satisfies this condition for each [; take the
minimum ¢) . Define v = v + v2. Then 0 < (y,«) < € because 7 is orthogonal to «.
Now I claim that |(v, 3)| > ¢ for each 8 # +a.

(v, B) = (71, 8) + (72, B)]
> I’(Wlaﬁ)\lfl\(“&, 3)|I > e

>2¢ <e

Suppose o = B1 + B2 where B; € ®T(v). By definition, (v, 3;) > 0 so the assertion above
that |(vy, Bi)| > € here says (v, ;) > €. But then

(F}* O") - (’\/ ﬁl) + (ﬁi* s32) > 2e

contradicting the fact that (v,) < . So « is an indecomposable element of ®*(v) and
so o € A(y).

(3) It’s enough to show o € ® implies s, € W' (and so W = W’). By (2) find some
o € W with o(a) € A. S0 554y € W'. But s,(4) = 0540~ ! by 4.25(1). 0 and o' are
products of simple reflections, so s, is as well.

(4) Suppose (4) is false: that ¢ # 1 and o(A) = A. Write o as a product of simple
reflections in the shortest way possible. Use 4.25(3) to obtain a contradiction. ]

DEFINITION 16.2. (4.27) The Weyl chambers of ® are the connected components of
E\U(P, : a € ®), the sets of regular v giving the same A(7).

REMARK 16.3. The base A(7) is the set of roots perpendicular to hyperplanes bounding
the Weyl chamber C containing v and pointing into C'. So the bases are in 1-1 correspon-
dence with the Weyl chambers.
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EXERCISE 16.4. For 0 € W, define the length ¢(c) = ¢ to be the minimal number of
simple reflections required when expressing o as a product of simple reflections.

Define n(o) to be the number of positive roots mapped to negative roots by o. Show that

(o) =n(o).
THEOREM 16.5. (4.28) W(®) is presented as
<sa forae A: s2 =1, (sas[g)m(o"ﬂ) = 1>

z =

where m(a, B) = 2,3,4 or 6 according to whether the angle between o and f3 is 7, %’r, ?jT”,

57
07"6.

We will not prove this.

Irreducible root systems.

Type | # positive roots w dim L
Ay %f(ﬁ + 1) Se+1 f(f + 2)

By, Cy 0 Cg X Sgl f(?g + 1)
D, 02—y index 2 subgroup of above | £(2¢ — 1)
Eg 36 order 72 - 6! 78
E7 63 order 8 - 9! 133
Eyg 120 order 26,3, 10! 248
Fy 24 order 1152 52
Go 6 D1y (exercise) 14

Construction of irreducible roots systems. General strategy: Take an or-
thonormal basis {e1,--- ,e,} of Euclidean n-space. Then set

1
1= { integral combinations of the 261}

Let J be a subgroup of I. Take fixed reals x,y > 0 with % = 1,2,0or 3. Given this setup
we will define ® = {a € J : ||a||? = = or y} such that E = span(®). We need that each

reflection preserves lengths and leaves ® invariant and so ensure that n(S,a) € Z. Note
that if J < Ze; (rather than the 1e;) and {z,y} C {1,2} then this is satisfied.
Let’s do this for A;. n = ¢+ 1; take

J= (Zzei) N <§€i>i

d={ac/: |!04H2=4i}={6i—€j HiF )



Then o; = e; — e;41 for 1 < i < £ are linearly independent, and if ¢ < j then

7—1
€; — €j = Zak.
k=1
So {a;} form a base of ®.

Then (o, ;) = 0 unless j = 4,74+ 1. (04, ;) = 2, (o, 41) = —1. So @ has a Dynkin
diagram of type Ay. If you think about the Weyl group, each permutation (1,---,¢+ 1)
induces an automorphism of ®. W(®) = Sy, since s,, arises from the transposition of
i and ¢ + 1, and the transpositions (4,7 + 1) generate Syy1. Note: this is the root system
coming from slp .

LECTURE 17:

Last time we constructed a root system of type A,. We were trying to construct a root
system as
® = (o€ J <span{fer, -, 3en} : o> =z ory).

Type By (for ¢ > 2): Here n = ¢ (i.e. we're going to embed this in an ¢-dimensional
space), and take J = 3" Ze;. Set

d={acJ:|al*=1o0r2}={+e;,+e;teji#j}

Take a; = e;—e;+1 for i < £, and oy = ey. We have linear independence, and e; = Zizl g,

and e; —ej = Zi:l ag. So aq,- -+ ,ap form a base. This root system corresponds to By.
The Weyl group action has all permutations and sign changes, so it is:
c xSy
(' —
sign permutations
changes

This root system arises from SOsp11(C), the skew-symmetric matrices of size 2¢ 4 1.

Type Cy: As before n = ¢. Set J = > Ze; and
d={acJ: |al*=2o0r4} = {+2e,+e; fe;,i#j}

We have a base e; —eg,ea —e3, -+ ,ep_1 — ey, 2eg. This arises from sp,,(C), the symplectic

Lie algebra. If
0o I,
<= (0 %)

then this consists of the matrices A such that AX + X A? = 0.

Type Dy: Again set n = ¢ and J = ) Ze;. Define
d={acJ: |a?=2}={teite; :i#j}

Set a; = e; —e;qq for ¢ < ¢, and oy = ey—1 + €. This gives a Dynkin diagram D,. The
simple reflections cause permutations and an even number of sign changes. The Weyl
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group is a split extension (semidirect product) Céeil) by Sy, where C’y*l) is an index 2

subgroup in Cg.

Type Eg: Here n =8. Set f = %E?Zl e; and define

J:{cf—i-Zcz-ei : c,cieZandc+Zcz-e2Z}
d={acJ:|a=2}

8
={te;te; 1 i #j}U {%Z(—l)kei : Zkl is even}
1

The base is then:
7

1
ap = 5(61 +6822:6i)
Qg =e1 + e

Q; = €;1 —€;—2 for i > 3

Too complicated to say much about the Weyl group.

Types Eg and E;: Take ® from Eg and intersect with subspaces ® N (g)" (where (g)* is

the subspace of things orthogonal to ¢g) and ® N (g, h)L for suitable g, h. We obtain root
systems E7, Eg. The base is ay,--- , a7 in the F; case, and a1, - - - , ag in the Eg case.

Type Fy: n =4 here. Set h = %(61 +ea +e3+eyq), and
J = Zei+1Zh

d={acJ:|al=1o0r2}={+e;,+e;+e; (i #j), S R CER R,
The base is ey — e3,e3 — ey, €4, %(61 —eg — e3 — eq). Again the Weyl group is sort of
complicated.

Type Ga: Set
J="ZeiN (el +ex+ 63>J‘
d={acJ:|a]*=2o0r6}=(+{e; —ej,2¢; —e; — ey : i,j,k are distinct}).
The base is:
ap =e1 —e2
a9 = —2e1 +es +e3

EXERCISE 17.1. Show that ® can be described as the set of integers of norm 1 or 3, in the
quadratic field generated by cube roots of 1.

DEFINITION 17.2. Suppose we are given a root system ® arising from a Lie algebra of base
A, with positive roots ®*. Set

N:ZLa N‘:ZLa H=IL, B=H&N

acdt aed—
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We call B the Borel subalgebra corresponding to A and H. Note that
L=N" @©H®N=N" @B.
Recall that B is soluble, N and N~ are nilpotent, and B() = N.

THEOREM 17.3. (4.29) We can present the Lie algebra by generators X;,Y;, K;. We have
Weyl relations:

[Ki,Kj] =0

(X, Y] = K;
(X, Yl =0 if i #j
[KiX;] = n(i, j)X;
(K, Yj] = —n(i, 7)Y

There are also other relations:
(ad X)) "D X; =0
(ad Y)Y, = 0.

N s generated by the X;, N~ is generated by the Y;, and L is generated by the elements
Xi, Y;', and Ki.

(Not proven here, but I think you can do it by putting things together.)

This fits in with what we did before when we found h, eq, e_o, Where h, € H, e, € L,

e_o € L_,. Set
ha,

(hai’ haz)

(so we are basically just scaling h, from before). With this scaling,
ai(Kj) = (haivkj) = n(i, j)

a Cartan matrix element. Fix X; € L,,,Y; € L_,, with [X;,Y;] = K.

K; =2

THEOREM 17.4. (4.50) [Serre] For each reduced root system there exists a semisimple Lie
algebra presented by generators and relations as in Theorem 4.29.

(Not proven here.)

Putting theorems 4.29 and 4.30 together shows that there is a 1-1 correspondence
semisimple Lie algebras <= root systems
and we have a presentation for the Lie algebras. There is also a correspondence

simple Lie algebras <= irreducible root systems .

EXERCISE 17.5. Look at type Ay, By, Cy, Dy and see that we do have presentations in
terms of generators and relations as Theorem 4.29.
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LECTURE 18:
Next examples class on Thursday next week.

CHAPTER b5:

DEFINITION 18.1. The universal enveloping algebra U(L) is an associative algebra gener-
ated by elements X of L subject to the relations

(1) XY -YX - [X,Y] =0 ([X,Y] is inherited from the Lie algebra structure on L,
and XY is the product in the algebra);

(2) (“linearity” / compatibility with structure of L) AX + pY as an element of U(L)
equals AX + pY as an element of L.

If you want you can just take a generating set consisting of a basis { X;} for the Lie algebra.

Alternatively, you can view this as a quotient of the tensor algebra T'(L),
TL)=kdL®(LRIL)S(LXILRIL)D---

which is a graded algebra. In this case, define U(L) = T(L)/I, where I is the ideal
generated by X @ Y - Y @ X — [X,Y].

There is a 1-1 correspondence
representations
{ p:L—gl(V)
This should remind you of a similar correspondence in group theory:
{ representations p : G - GL(V) } <= {kG-modules V'}

where G is a finite group and kG is the group algebra.

} <= { left U(L)-modules }.

For example, if L is abelian (and so [X,Y] = 0), then U(L) is a commutative algebra. If L
has basis X1, -+, X, then U(L) = k[X1,- -, X,] is the polynomial algebra in n variables.

However if L is non-abelian then U(L) is a non-commutative algebra. But it’s actually
quite well-behaved. We can write U(L) = |J F; where F; is the span of products of < i
elements of L. We have an associated graded algebra

erU(L) =@ Fi/Fiy
i>0
that is commutative because of the relations XY —Y X = [X, Y] (if you define F_; = {0}).
(Note this is also an associative algebra: if a € F; and 8 € Fj then (a+ Fi—1)(8+Fj—1) =
af + Fiyj_1.)

U(L) is said to be almost commutative, because the associated graded algebra is commu-

tative.
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THEOREM 18.2 (Poincaré-Birkhoft-Witt). (5.2) If Xy,---, X, is a basis of L then
(XM XMy > 0}

forms a basis for U(L). In particular, grU(L) is a (commutative) polynomial algebra in
n variables.

(Proof later.)
COROLLARY 18.3. (5.3) U(L) is left-Noetherian (ascending chains of left ideals terminate).

We’re aiming for:

THEOREM 18.4 (Weyl). (5.4) Suppose L is a semisimple, finite-dimensional Lie alge-
bra over a field k of characteristic zero. Then all finite-dimensional representations are
completely reducible. (That is, they may be expressed as a direct sum of irreducible repre-
sentations.)

Before proving this let’s consider a special case.

PROPOSITION 18.5. Suppose p : L — gl(V') is a representation of a semisimple Lie algebra
L, and suppose there is a p(L)-invariant, irreducible subspace W such that dim V/W = 1.

Then there is a direct sum decomposition
V=waow

for some 1-dimensional space W'.

Note that the induced representation p : L — gl(V/W) is zero, because there are no
nontrivial 1-dimensional representations of a semisimple Lie algebra.

Proof. Since quotients of semisimple Lie algebras are semisimple, we may replace L with
L/ker p and assume that ker p = 0; that is, p is a faithful representation.

Let 8 be the trace form of p, i.e. B(z,y) = tr(p(x)p(y)). This is an invariant symmetric
bilinear form (i.e. f(z, [y, 2]) = B([x,y],2)). (The Killing form is one example.)

In fact, it is non-degenerate — its radical R (the set {z : tr(p(z)p(y)) = 0 Yy} ) is an ideal
of L which is necessarily soluble by Cartan’s solubility criterion. Since we’re dealing with
a semisimple Lie algebra, we can’t have any soluble ideals. Hence R = 0.

Take a basis Xi,---, X, of L, and Y7,---,Y, of LY (dual of L) such that 5(X;,Y;) = d;;.
Define the Casimir element ¢ = ) . p(X;)p(Y;) € gl(V'). Check that ¢ commutes with p(L)
using the invariance of ; that is, [c, p(L)] = 0.

So ker ¢, the kernel of multiplication by ¢, is invariant under p(L). Since p(L)(V) < W
then ¢(V) < W. But we’re supposing W is irreducible and so ¢(W) = W or 0. But
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c(W) = 0 implies ¢? = 0, which implies that

0=trc (nilpotent endomorphisms have trace zero)

—tr (3 p(Xi)p(¥))
=> B(X.,Y;) =dimV

which is a contradiction since the characteristic is zero.

So ¢(W) = W and hence kerc N W = 0. But ¢(V) < W, and so kerc > {0}. So
V =W @ ker ¢, and we’ve established that there is an invariant complementary subspace.
O

The Casimir element appearing here is the image under p of an element of the enveloping
algebra. Endg(L) = L® L* = L ® L using the isomorphism between L* and L determined
by (8. Take the identity in End(L); its image in L ® L is the Casimir element.

The invariance of our form ensures that the image is central in U(L).

LECTURE 19:

Examples class: Thursday, 2-3:30.

We were proving Weyl’s theorem (18.4). We’ve proved the case where 0 < W < V|
where V., W were p(L)-invariant, W was irreducible, and dim V/W = 1. We showed that
V =W & W', where W’ was something 1-dimensional.

We start by redoing the last proposition in slightly more generality: removing the assump-
tion that W is irreducible.

PROPOSITION 19.1. Suppose p : L — gl(V) is a representation of a semisimple Lie algebra
L, and suppose there is a p(L)-invariant subspace W such that dim V/W = 1.

Then there is a direct sum decomposition
V=waow

for some 1-dimensional space W’'.

Proof. Suppose we've got 0 < W < V with dim V/W = 1, and V/W has trivial represen-
tations.

Argue by induction on dim V' (induction hypothesis: if a n-dimensional space has a

codimension-1 invariant subspace, then that’s a direct summand). If W is irreducible

then we’re done, by the special case from last time. If not, we have 0 < U < W

with U invariant. By induction applied to V/U with codimension-1 subspace W/U, then
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V/U =W/U & W'/U, with W' /U being 1-dimensional. But then (using induction again
W)W =U@®W"”. Then V=W ¢ W". O

Proof of Weyl’s theorem, 5.4. Let p: L — gl(A) be a representation. If A is irreducible,
we're done, so assume there is a p(L)-invariant subspace B < A (i.e. p(L)(B) < B). Let
w: L — gl(gl(A)) be the map sending x +— (t — [p(z),t]), where [—, —] is the commutator
(Lie bracket) in gl(A). Note that ju(0)(t) = 0 means that t commutes with p(¢), and (L)(t)
means that t commutes with all of p(L). Define

V={vegl(A) : v(A) < B,v|p is a scalar map on B}
This has a subspace
W ={vegl(h) : v(A) < B,v|p =0}
Then dim V/W = 1. Check that pu(L)(V) < W; in particular, u(L)W < W. Applying the
special case discussed at the beginning today, we have a complementary W with

V=WeWw,
and p(L)(Wy) < Wh.

There is some u € Wy with u|p = Idg. We'll see that this is a projection to B. Also, for
all x € L we have p(z)(u) € WNW; = {0}. Thus u commutes with p(L). So it is an
L-endomorphism of A. Now p(L)(ker u) < keru, i.e. kerw is invariant. But kerunN B =0
(since u|p = Idg). If a € A then u(a) € B and u(1—wu)(a) =0, and a = u(a) + (1 —u)(a).
So A= B ® keru.

I claim that A = B @ keru, and that B and ker u are p(L)-invariant; by induction, each
of these summands is a direct sum of irreducibles, and we’re done. That is, we need to
show the following:

(1) BNnkeru ={0}. No nonzero element of B is killed by u because u|p = Id.

(2) A= B+keru. Let a € A. We need elements in keru and in B. Our element
of B is u(a); this is in B because u € Wi C V and elements of V send A
into B. I claim (1 — u)(a) € keru, or equivalently u(u(a)) = u(a), i.e. u is a
projection to B. u maps A into B, and u is the identity on B. Now just notice
that a = u(a)+ (1 — u)a.

| M| | I |
eB ckeru

(3) B is p(L)-invariant. This is given information: we started by assuming B < A
was an invariant subspace.

(4) keru is p(L)-invariant. We need p(L)keru < keru. If a € keru, then we need
u(p(L)a) = 0. It suffices to show that u commutes with p(£). For that, it suffices
to show that 0 = [p(£),u] = u(l)(u), and to show this, it suffices to show that
() (u) € W N Wy (this intersection is zero by definition of Wy ).

o u € Wy because pu(l)u € Wy by invariance
e To show u € W, we need to show that it kills B:
[p(£), ulb = (p(£)u — up(€))b
= p(0)b —u p(£)b

—_
€B

o1



= p(0)b— p(£)b =0

0

HARD EXERCISE/ THEOREM 19.2. Let J < L with L/J is semisimple, then there is a
subalgebra L; of L with L1 NJ = {0} and L; + J = L. Then L; = L/J is semisimple.

Hint. We need to induct on dim L. Reduce to the case where J is an abelian ideal. Look
at
V={¢peEndL : ¥(L) < J,¥|;is scalar}
which has a subspace
V={pe€eEndL : (L) < J¥|l; =0}

so dim V/W = 1. This is very similar to what we’ve just been doing. Try to fill in the
details. g

Applying in the case where J is the radical of L, we get

THEOREM 19.3 (Levi). (5.5) If R is the radical of L then there exists a semisimple (or
zero) Lie subalgebra Ly such that L = R+ Ly and RN Ly = {0}.

DEFINITION 19.4. L; in 5.5 is a Levi subalgebra, or Levi factor of L.

REMARK 19.5. This can be phrased in terms of degree 2 cohomology groups of semisimple
Lie algebras — the degree 2 cohomology is zero.

Recall: L is semisimple, H is a Cartan subalgebra with roots ®, positive roots ®*, and
base A = {a1,---,a} of simple roots. We had N =3 o+ Lo, N~ = > _ o+ La, and
H = Ly. We had a Borel subalgebra B = H & N (direct sum of vector spaces). We know
that the derived subalgebra B(Y) = N, and

L=N @©&H®N
(This all came from the Cartan decomposition.)
DEFINITION 19.6. (5.7) If p: L — gl(V) is a representation, then let
V¥={veV : plh)v=w(h)vVh € H}

be the weight space of weight w in V. (Note we are using superscripts here, instead
of subscripts as in the Chapter 4 stuff.) Before we were doing this with the adjoint
representation; here we are using a general representation. The multiplicity of w in V is
defined to be dim V% if dim V% # 0. The set of such w are called the weights of V.

LEMMA 19.7. (5.8)We have the following:

(1) p(Lo)V® C V¥t jfw e H*, a € ¥;
(2) the sum of the V' (for weights w) is direct, and is invariant under p(L).

Proof. Exercise (similar to what was done before.) t

DEFINITION 19.8. (5.9) v is a primitive elerggnt of weight w if it satisfies:



(1) v # 0 and has weight w
(2) p(X4)(v) =0 for all @ € ®T. (Recall we have elements X, € Ly, Yy € L_, such
that (X, Ya] = Ha € Lo = H.)

Thus if v is primitive, p(B)(v) is 1-dimensional, since B = H & (B cqo+ La)- (All the X,
give zero, and we're left with the things in H.)

Conversely, if there is a 1-dimensional subspace of V' invariant under p(B) then each
b € BM acts like 0. But N = BM), and so v satisfies (2) in the definition of primitive
elements.

Switch to the language of modules: v is primitive <= U(B)(v) is 1-dimensional.

If we restrict to finite-dimensional representations, then we have primitive elements. The
converse is not true, however: there are some infinite-dimensional representations that
also have primitive elements.

LECTURE 20:

We're thinking about U(L)-modules V' (which are equivalent to representations of L), in
particular ones containing a primitive element v. Recall N was the sum of the positive
root spaces, generated by Xg,,---, Xg, where the 3; are positive roots. N~, the sum of
negative root spaces, is generated by Yg,,---,Ys,. H @ N is called the Borel subalgebra
B, and we have a direct sum decomposition L=N"@®B=N"& H ® N.

U(L)=@yym---vi=U(B)
The U(B)-module generated by v is 1-dimensional.
PROPOSITION 20.1. (5.10) Let v be a primitive element of weight w. Then

(1) The U(L)-module W generated by v is spanned as a wvector space by
Yﬁﬂf1 ---Yé?s(v).

(2) The weights of W have the form w — Zle pic; for p; € N and simple roots «;.
(3) w is a weight of W with multiplicity 1.
(4) W is indecomposable.

Proof. (1) By the Poincaré-Birkhoff-Witt theorem,

U(L) =Py Yj*U(B).
So

W =U(L)(v)

=> Y YU(B)(v)
By the definition of primitivity, U(B)(v) is one-dimensional. So W is spanned by
Yyt Yt (v).
1 s
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(2) By Lemma 5.8(1), Y - Y3"! (v) has weight w — 3~ m; ;. But each 3; is an integral
combination of simple roots with coefficients > 0. So the weight of Y - Y™ (v) is of
the form w — Y p;a; with p; > 0. The multiplicities (i.e. the dimensions of the weight
spaces) are finite.

(3) —>_m;pB; can only be 0 if each m; = 0. So the only Y™ ---Yz" (v) that is of weight
w is v. So the weight space of W of weight w is 1-dimensional.

(4) If W = W, @ Ws is a direct sum of two nonzero U(L)-modules, then W* = W ¢ W,
But W“ has dimension 1 — it’s spanned by v.

So one of W/ is zero, and the other is 1-dimensional, and v € W; for some i. But v

generates W by definition, and so W = W, for some 4. This is a contradiction. ]

THEOREM 20.2. (5.11) Let V' be a simple U(L)-module (one that comes from an irreducible
representation), and suppose it contains a primitive element v of weight w.

(1) v is the only primitive element of V' up to scalar multiplication. Its weight is the
highest weight of V.

(2) The weights appearing in 'V are of the form w — Y pjoy for p; € Z>o, where o;
are the simple roots. They have finite multiplicity. w has multiplicity 1, and V
s the sum of the weight spaces.

(3) For two simple modules Vi, Vo with highest weight wy and we, respectively, then

Proof. Apply 5.10. Since V is simple, V = W and we get (2) immediately.

(1) Let v' be a primitive element of weight w’ in V. Then by (2),
W' :w—ijaj for p; >0
w :w’—sz-aj forp} >0

This is only possible if all the p;, pg are zero and w = w’. So v/ must be a scalar multiple
of v.

(3) For Vi = V5 one knows that wi = ws.

Conversely, suppose w; = wy. Set V = V] @& V4 and take v = v; + vy, where vy is the
primitive element in Vj. v is a primitive element of V. Let W = U(L)(v). The projection
7wV — V5 induces a homomorphism 7|y : W — Va, and we know that 7(v) = va. So 7
is surjective (since vy generates Va). ker |y = Vi N W < Vi; however, the only elements
of W of weight w are scalar multiples of v (5.10), and v ¢ ker 7. But V; is simple and so
ker m = 0, being a proper submodule. So W = V5. But similarly, W = V. So Vi & Vs.

]

THEOREM 20.3. (5.12) For each w € H*, there is a simple U(L)-module of highest weight
w (i.e. one that has a primitive element of that particular weight).
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Some of these might not be finite-dimensional.

Proof. For each w € H*, one can define a 1-dimensional U(B)-module spanned by v of
weight w by saying X, (v) = 0 for all « € ®*. (Recall B= H @& N, and here N is acting
like zero. So really, we have an action of the CSA H.) Then form

SPRCARER )
a direct sum of subspaces induced by monomials. This is a U(L)-module — it’s actually
U(L) @y (v)
This module has a primitive element v of weight w. If V' is a U(L)-submodule then it is
a direct sum of weight spaces and it is a proper submodule iff it lies in

SPRCAER R0

not all
m; =0

We can form the sum of all proper submodules — it will lie in this direct sum, and itself
be proper (if Z}n‘(g»r‘v S were all of U(L)v, then v would be in it, hence in some S, a

contradiction). If we sum all the submodules %V, we get something that is # V, and
so we have a maximal proper submodule of our induced module. So we can form the
quotient module, which is therefore simple, and the highest weight is w. We can write
down a primitive element, the image of our original primitive element inside the quotient.
Thus we do have a simple module with highest weight w. O

REMARK 20.4. Sometimes the induced module is itself simple, and note that this would
give us an infinite-dimensional simple module. Sometimes the simple module is finite-
dimensional.

LECTURE 21:

ExXAMPLE 21.1. Let L be a simple, finite-dimensional Lie algebra. Then it is a simple
U(L)-module via the adjoint action. The highest weight is the unique root that dominates
the others. Note that in this case in our procedure from last time we are quotienting out
by a nonzero maximal submodule of the induced module. For example, slo = N"GHEN,

where N is the span of X = <8 (1)), H is the span of H = <é _01> and N~ is the span
of Y = (1) 8 . Recall [H,X] =2X and [H,Y] = —2Y. N is the highest weight space.

We can get to the others by applying ady .

DEFINITION 21.2. (5.13) The induced module we used, U(L) ®y(p) U (for any a 1-
dimensional U(B)-module U of weight w) is called the Verma module of highest weight
w.

We showed that it has a unique simple quotient.

PROPOSITION 21.3. (5.14) Let V be a finite-dimensional U(L)-module, and L semisimple.
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(1) V=YV (a sum of weight spaces)
(2) If V.# 0 then V contains a primitive element.
(3) If V is generated by a primitive element then it is simple.

Proof. (1) We've already seen that V' is a sum of weight spaces, since the elements of
H are semisimple, and thus are diagonalizable, and the weight spaces are the common
eigenspaces.

(2) The Borel subalgebra is soluble and Lie’s Theorem tells us that V' contains a common
eigenvector. This is a primitive element.

(3) We've seen (Weyl’s theorem) that V' is a direct sum of simple U(L)-modules. But if
V is generated by a primitive element, then it is indecomposable (last time). Thus V' is
simple in this case. O

So it remains for the finite dimensional representation theory to identify the weights giving
rise to finite dimensional simple modules and to establish the multiplicities of the weights
for such a module.

Back to sly: we have H, X, Y as before.

PROPOSITION 21.4. (5.15) Let V' be a U(sly)-module with primitive element v of weight
w. Set e, = %(v) forn >0, with ey = 0. Then

(1) H-e, = (w—2n)ey,

(2) Y-en=(n+1ept1

(3) X-epn=(w—n+1)e,—1 for alln > 0.
(

Proof. (2) is obvious.

(1) says e, has weight w — 2n.
HY (v) = ([H,Y]+YH)(v)=(-2Y +YH)(v) = (w—2)Y(v)
An easy induction yields that Y"(v) has weight w — 2n.

3)
nXe, = XY (en—1)
= (X, Y]+ Y X)(en-1)
=H(ep—1)+ (w—n+2)Yepo
=w—-2n+2)ep—1+(w—n+2)(n—1)(en-1)

=n(w—n+1)e,—1

COROLLARY 21.5. (5.16) Either

(1) {en : n >0} are all linearly independent; or
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(2) the weight w of the primitive element v is an integer m > 0, and the elements
€1, ,em are linearly independent and e; = 0 for i > m.

Proof. From 5.15, the elements e; have distinct weights, and so the nonzero ones are

linearly independent. If they are all nonzero we have case (1), and if not we have eg, - - - , ey,
nonzero and then 0 = ey, 41 = €2 = ---. By 5.15(3) with n = m + 1 we get Xepmt1 =
(w—m)en,. But epq1 =0, and ey, # 0. Deduce that w = m. This is case (2). O

COROLLARY 21.6. (5.17) IfV is finite-dimensional then we have case (2). The subspace W
of V' with basis eqg, -+ ,em is a U(sly)-submodule — it is generated by a primitive element,
and thus is a simple U (slz)-module.

Proof. Finite dimensionality implies we have a primitive element and we’re in case (2). H
has eigenvalues m, m — 2,--- , —m, each with multiplicity 1 in the submodule W. [l

REMARK 21.7. Note that in the case where the highest weight m = 1, the simple module
we’re generating has dimension 2 and is the canonical module for sly. In general for highest
weight m the simple module generated is the m!* symmetric power of the canonical 2-
dimensional one.

THEOREM 21.8. (5.18) For w € H* and E,, the simple U(L)-module of highest weight w.
(E,, is often called L(w).) Then

E,, is finite-dimensional <= for all « € &1, w(H,) € Z>0

Proof. Recall notation: we have X,,Y,, H, corresponding to each o € ®*. We have that
X, Yy, H, generate a subalgebra of L is isomorphic to sls.

(=) If v is a primitive element (for L — if you take a Borel subalgebra, v is generat-
ing a 1-dimensional submodule) of E,, then it is also primitive for each sly-subalgebra
(Hy, Xo,Ys) (since the Borel subalgebra of each sly-subalgebra is inside the Borel subal-
gebra of L). So we know w(H,) must be an integer > 0, from what we’ve just done.

LECTURE 22:

Proof of Theorem 5.18. ( = ) (Already did this.) We have copies of sly generated by
Xa, Yo, Hy. Apply our knowledge of U (slz)-modules.

(<= ) Assume w(H,) € Z> for all o € A. Take a primitive element of weight w in E,,,.
For each a € A let mg = w(H,), vo = Yo (v).

If a # B, then [X,,Ys] = 0 (i.e. X, and Y commute), and so Xgv, = Y1 X5(v).
But Xg(v) = 0 since v is a primitive element, and so this is zero. But we know that
Xa(va) = 0 because of the definition of vy. If v, # 0, then it would be primitive of weight
w — (mg + 1)a. Primitive elements in E,, are just scalar multiples of v. But it has the
wrong weight, so this is a contradiction, and v, = 0.

{Yo(v) : 1<c<ma}
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spans a finite-dimensional nonzero U(g,)-submodule of E,,, where g, is the copy of sl,
spanned by X, Y, H,.

Now let
T, = { finite-dimensional U(g,)-submodules of E,,}
Let U, be their sum. Then U, is a nonzero U (L)-submodule of our simple E,,. So E, = U,

and we’'ve shown that E,, is a sum of finite-dimensional U(g,)-submodules, for each «a.
Now let P,, be the set of weights of E,,.

CLAaM 22.1. P, is invariant under the simple reflection s,.

Proof. Let m € P, and let y # 0 in E],. We know about the weights of E,: 7n(H,) is an
integer, call it p,. Put

e Y& (y) if po >0

_X;pa (y) if Pa <0
But then x # 0, since the weight of x is m — poa = m — 7(Hgy)a = sq(7), P, is invariant
under Sq. n

CLAM 22.2. P, is finite.

Proof. If m € P,, we know m = w—7)_  pa« for integers p, > 0. We just have to show these
coefficients p,, are bounded. But there is an element g € Weyl group that interchanges the
set of positive and the set of negative roots, and we know that this is a product of simple
reflections (everything in the Weyl group is a product of simple reflections). It follows
that g(m) also belongs to P,, (by the previous claim).

g(m) ZW_ZQQQ for go > 0

Applying g !,

T =g Yw)+ Zraa where 74 > 0

SO Pa + 7o is the coefficient ¢, of a in w — g~ '(w). Thus we have that p, < ¢4, and the
coefficients are bounded. O

Thus there are only finitely many weights in F,,. But we know that the multiplicities are
finite. So E,, is finite-dimensional. ]

DEFINITION 22.3. (5.19) The weights satisfying the condition in 5.18 (i.e. the ones that
give finite-dimensional highest weight modules) are called integral. They are all non-
negative integral combinations of the fundamental weights (with respect to our chosen
base A C ®). If the base is {a1, - ,a}, then we can define

wi(Ha;) = bij.

The simple U(L)-modules with highest weight being a fundamental weight give rise to
fundamental representations.
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For example, for sl,, let H be the CSA of trace-zero diagonal matrices. The roots are the
linear forms given by

A1
Qg g ’_>)\i_>\j
An
for i # j, and ) \; = 0. A base is given by the collection of a; := 41 for each i.
0
0
H,, = 1
-1
0
0
0
Xa, = 00
10
0
0
0
Yo, = 0 1
0 0
0

The fundamental weights are w;(H) = A\; + - -- + A; where
A1
H =
An
w1 is the highest weight of the canonical representation on C”. In fact, w; is the highest
weight of the i** symmetric power of the canonical n-dimensional representation. All the

finite-dimensional representations of sl, are obtained by decomposing the tensor powers
of the canonical representation.

Characters. We want to consider the abelian group P of integral weights — it’s gen-
erated by the fundamental weights w1, - -+ ,w,. But it’s convenient to work with it multi-

plicatively instead of additively. So rather than using = we write e™ and have e™e™ = ™7 .
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The integral group algebra ZP consisting of elements ) __pmze™ (finite integral sums)

with multiplication extended linearly from e™e™ = ™7 .

DEFINITION 22.4. (5.20) Let V be a finite-dimensional U(L)-module. Define the character
ch(V) =) (dimV™)e™ € ZP
TeP
Note: since V is finite-dimensional, all the weights are integral.

LECTURE 23:

Recall the definition of ch(V).

REMARK 23.1. Note that the Weyl group acts on H*, leaving the set of integral weights
invariant, and so the Weyl group acts on P and hence on ZP.

Observe that ch(V) is invariant under the action of the Weyl group. The characters of the
fundamental modules generate the subalgebra of ZP of invariants under the Weyl group

ZPY = 7Ty, Ty
where T; are the characters of the fundamental modules.

LEMMA 23.2. (5.21) Obvious things.

(1) ch(Va V') =ch(V)+ch(V') and ch(V @ V') = ch(V)ch(V'). X acts on V@V’
like 1 X+ X ®1 (where X is the element of the enveloping algebra coming from
the Lie algebra in the way we know)

(2) Two finite-dimensional U(L)-modules V and V' are isomorphic iff ch(V) =
ch(V")

Proof. (1) Think about it.

(2) One way is obvious. So suppose V, V' are such that ch(V) = ch(V’). Also assume
both V and V' are nonzero. Then V and V' have the same weights. Pick a weight w so
that w + « is not a weight for any @ € A. Then w is a highest weight and a nonzero
element of V is a primitive element. It generates a simple U(L)-submodule V; of V' by
5.14. But V is completely reducible, by Weyl’s theorem. So V' = V; @& V5. But similarly
V' =V/®Vj. Since both V; and V{ are simple with highest weight w, they are isomorphic.
So Vi =2 V. But ch(Vy) = ch(V]), and so ch(V2) = ch(Vy). Apply induction to Vo and Vi
toget Va2 V). So V=V O

We will not prove the following theorem.

THEOREM 23.3. (5.22) [Weyl’s character formula] Let V' be a finite-dimensional simple
U(L)-module with highest weight A\. Then

h(V) = & 3 (1))
weWw
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where

° (—1)““’) = 41 according to whether w is a product of an even or odd number of
simple reflections.

*r= %ZaGCIVf Q@

* D=1T[co+ (6% - 67%)

In fact, D € ZP: one can show that D = Y, .y, (=1)"®e®(®). This enables us to write
down the dimensions of V:

(A +p, )

dimV = [ (A+p) o)

acdt

where V is the simple module of highest weight A.

The proof can be found in Bourbaki or Jacobsen.

EXAMPLE 23.4 (sl2). In sly there is a unique positive root «, and p = %a. P consists of the
integral powers of e”, p is the fundamental weight. A highest weight of a finite-dimensional
simple module is mp, for m > 0. Weyl’s character formula gives:

e(m+1)p — 67(m+1)p

Ch(V) = oh —o—p =™ 4+ e(m—?)p 4™

Thus all the multiplicities are 1, and this fits with what we did before.

Closing remarks. In the 1970’s a lot of work was done on the universal enveloping
algebra. People also studied other related noncommutative algebras, like quantum alge-
bras. Coalgebras arise when you play with how you regard the tensor product of modules.
More recently, people have looked at algebras that are filtered downwards (by taking pow-
ers of a maximal ideal, or p-adic filtrations), which leads to noncommutative polynomial
algebras.
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