144

. Define sequence.

‘What is an index in a sequence?

Define increasing sequence.

. Define decreasing sequence.

. Define nonincreasing sequence.
. Define nondecreasing sequence.
. Define subsequence.

. Whatis 37 a?

. Whatis [[}_, a?
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We try to prove that f is one-to-one. If we succeed, this part of the example is
complete. If we fail, we may learn how to construct a counterexample. So suppose that
flwy, B1) = flaa, B2). Wehaveto prove that o) = B; and o = f8». Using the definition
of f, we have

o1 = azf.

Can we conclude that oy = 5 and o, = $,? No! It is possible to concatenate different
strings and produce the same siring. For example, baa = o By if we set ¢y = b and
B1 = aa. Also,baa = azp if wesetwy = ba and $y = a. Therefore f is not one-to-one.
We could write up this part of the solution as follows.

Ifwesetay = b, By = aa, op = ba, and S = a, then

floy, f1) = baa = fay, f2).

Since a1 # o, f 18 not one-to-one.

The function £ is onto X * if given any string ¥ € X, there exist (¢, ) € X* x X*
such that f{a, 8) = y. In words, f is onto X* if every string in X™* is the concatenation
of two strings, each in X*. Since concatenating a string « with the null string A does not
change a, every string in X* is the concatenation of two strings, each in X*. This part
of the solution could be written up as follows.

Leto € X*. Then

flo, M) =ah =qa.

Therefore f is onto X*.

Problem-Solving Tips

A sequence is a special type of function; the domain is a set of consecutive integers. If
ap, as, ... is a sequence, the numbers 1, 2, ... are called indexes. Index 1 identifies the
first element of the sequence @;; index 2 identifies the second element of the sequence
as; and so on.

In this book, “increasing sequence” means strictly increasing; that is, the sequence
a is increasing if a, < a,4; for all n. We require that a, is strictly less than a,.; for
every 7. Allowing equality yields what we call in this book a “nondecreasing sequence.”
That is, the sequence a is nondecreasing if 4, < g,y for all n. Similar remarks apply to
decreasing sequences and nonincreasing sequences,

1%, Define string.

£3. Define null string.

b
i

. If X 15 a finite set, what is X*?7

b
fad

3. I X is a finite set, what is X+?

4. Define length of a string. How is the length of the string &
denoted?

%4

. Define concatenation of strings. How is the concatenation of
strings o and 3 denoted?

Py

[

. Define substring.
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Answer 1-3 for the sequence s defined by

c, d, d, ¢, d, ¢

1. Find 5.

3 Write 5 as a string.

%. Find 5.

Answer 4-16 for the sequence t defined by

th=2n—1, n=zL
4. Find ts. 5, Find #7.
6. Find t19. 7. Find t2077-

;

9, Find Z:,-,
=3
6

10. Find Hx,—. 11. Find Hti.
=3

12. Find a formula that represents this sequence as a sequence
whose lower index is 0.

13. Is ¢ increasing? 14. 15t decreasing?

15. Is ¢ nonincreasing? 16. Is 7 nondecreasing?

Answer 17-24 for the sequence v defined by

w=nl+2 n> 1l

17. Find vs.

4
19. Find Z v,
i=1

21. Is v increasing?

18, Find vq.

3
20. Find Z .
i=3

22. Is v decreasing?

23. Is v nonincreasing? 24, Is v nondecreasing?
Answer 25-30 for the segitence

g2 =12, g3=12, g4 =28,

4
26. Find Z gt
k=2

28. Is g decreasing?

g =8, g5 = 33.

4
25 Find Y _gp.
i=2

27. Is g increasing?
9. Is ¢ nonincreasing? i Is ¢ nondecreasing?
Answer 31-34 for the sequence

T(}ﬁs, T.’2=5.

31. Ts r increasing? 32. Is t decreasing?

33. Is T nonincreasing? 34. Is v nondecreasing?

Answer 35-38 for the sequence

Ty = 3.

35. Is T increasing? 36. Is T decreasing?

37. Is Y nonincreasing? 38, Is T nondecreasing?

Answer 39-50 for the sequence a defined by

a,ltn273n+3, n=>1.

4 5

3%. Find ) " ai, 46. Find 3 a;.
it =3
6

1. PFind Za,-. 2. Find Zak.
k=1

i=4

2 3

43. Find Haf. 44. Find Ha,.
i=]

i=l

3 . 4
5. Find H . 6. Find H .
n=2 x=3
#7. Is g increasing? #8, Is @ decreasing?
49. Ts a nonincreasing? 44. Is a nondecreasing?

Answer 51-58 for the sequence b defined by b, = n(—1)",n = 1.

4 10
51. Find ij. 52. Find Zbi.
i=1 =1

53. Find a formula for the sequence ¢ defined by

n
Cp = E b;.
i=1

54. Find a formula for the sequence d defined by

"
dy = Hb,-.
i=l

55. Ts b increasing? 56. Is b decreasing?

57. Is b nonincreasing? 58. Is b nondecreasing?

Answer 59-60 for the sequence  defined by 2, =3 for all n.

3 10
59. Find Zszf. 60. Find ZQ
=] i=1

61. Find a formula for the sequence ¢ defined by

n
Cpn = E €.
i=1

62. Find a formula for the sequence J defined by

n
d, = H Q.
i=1

63. Is &2 increasing? 64, T1s £2 decreasing?

65. Is €2 nonincreasing? 66. Is £2 nondecreasing?

.. Answer 6773 for the sequence x defined by

Xy =3+ Xp_1, n>2.

1
65. Find fo;.
i==1

X =2,

3
&7, Find Zx;.
i=l
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#%. Find a formula for the sequence ¢ defined by

o3

Cp = E Xi.

i=1

4. Is x increasing? 71 Is x decreasing?

Tz Is x nonincreasing? 73, Is x nondecreasing?

Answer 74-81 for the sequence w defined by

1
|~ n+1’

3 10
74. Find Zw,». 75. Find Zw!-.
i=1 =1

76. Find a formula for the sequence ¢ defined by

n
Cp = E wi.
i=l

77. Find a formula for the sequence d defined by

[}
dn = Hwi.
i=l

79. Is w decreasing?

n=1.

78. Is w increasing?

80. Is w nonincreasing? 81. Is w nondecreasing?

82. Let u be the sequence defined by
=3, uy=34u,1, n>2,

Find a formula for the sequence d defined by

I3

dn =Hu3.

i=1
Exercises 83-86 refer to the sequence {s,} defined by the rule

sy = 2n—1, n=>1.

#3. List the first seven terms of s.

Answer 84-86 for the subsequence of s obtained by taking the first,
third, fifth, ... terms.

84, List the first seven terms of the subsequence.
#%. Find a formula for the expression ny of Definition 3.2.11.

4%, Find a formula for the kth term of the subsequence.
Exercises 87-90) refer to the sequence {t,} defined by the rule

t, =2, n> 1

87. List the first seven terms of 7.

Answer 8890 for the subsequence of t obtained by taking the first,
second, fourth, seventh, eleventh, ... ferms.

88. List the first seven terms of the subsequence.

89. Find a formula for the expression r; of Definition 3.2.11.

90. Find a formula for the kth term of the subsequence.

Answer 91-94 using the sequences y and z defined by

g1,

93,

p =nln—1).

{EE ) ~(E)E)

3 4 4
Find Z ViZi. 94, Find ( Z )H) (H z,j) .
i=1 i=3 i=2

yn:zn—]-a

Answer 95-102 for the sequence v defined by

95.
97.
99.
101.
102.

rm=3.2"-4.5", n > 0.
Find ry. 96. Find ry.
Find rs. 98. Find rs.
Find a formula for rp. 100. Find a formula for ry...1-

Find a formula for r, 2.
Prove that {r,} satisfies

o= Trp-1— 10ry_0, nm>2.

Answer 103—110 for the sequence 7 defined by

103,
105.
107.
109.
110.

it

112,

113.

7 = (2 4+ m)3", 1= 0.

Find zp.
Find z5.

Find a formula for z;,

104, Find z;.
106. Find z3.
108. Find a formula for z,..1.
Find a formula for z,,_5.
Frove that {z,,} satisfies
Zn = 0251 ~ 92n-2, nz?2
Find by, n =1, ..., 6, where
by=n+(n—1DHn—2)n—-3Nn—00n -5,

Rewrite the sum

"
E I;zrn—.c5
i=1

replacing the index i by &, where § = &k + 1.

Rewrite the sum

n
Z Ci—1Cny,
k=1

replacing the index k by [, where k =i + 1.

. Let a-and b be sequences, and let

k

§p — E a;.

i=l

Prove that

R n
Y b= sulby — bis1) + Subat.
k=1 k=1

This equation, known as the summation-by-parts formula,
is the discrete analog of the integration-by-parts formula in
calculus.

115, Sometimes we generalize the notion of sequence as defined

in this section by allowing more general indexing. Suppose
that {e;;] is a sequence indexed over pairs of positive infegers.

Prove that Z (Z %) ] i (5: %) |

j=1 \ j=i j=1 \i=1

" 116, Compute the given quantity using the strings

a = baab, B = caaba, y = bbab,
(a) af (b) fu (©) ow
(d) BB (&) lop| () 8l
{g) |oa (h) 1881 (1) ad
{qy 18 ky afy A ppyo

© 117, List all strings over X = {0, 1} of length 2.
118, List all strings over X = {0, 1} of length 2 or less.
" 119. List all strings over X = {0, 1} of length 3.
128 List all strings o;ver X =0, 1} of length 3 or less.

Find all substrings of the string babe.
. Find all substrings of the string aabaabb.

© 123, Use induction to prove that

1
E —  =n,
Hi-Ry- R

for all # = I, where the sum is taken over all nonempty
subsets {nq, 12, ..., nptof {1, 2, ..., 1}

124, Suppose that the sequence {a,] satisfies a1 = 0,4z = 1, and

ay = (n — Dap—y +apn—z) foralln > 3.

Use induction to prove that

i
an Z (=1)¢
_T = —-"]"("'i'""" foraltn > 1.
k=0

Rl

©In Exercises 125-127, x1, %2, ..., Xy, 0 = 2, are real numbers
o safisfying x| < Xp < - < Xn, and x is an arbitrary real number,

125, Prove thatif x; < x < x,,, then

n r—1
STl =Y kx| G ),
i=1 =2
forall n > 3.
126. Prove thatif x < x; or x > X, then
it r—1
Dol =ml = x|+ (o - ),
i=1 je=
foralln > 3.

127, A median of x1, ..
when # is odd, and any value between the two middle values
of x1, ..., xy, when n is even. For example, if x1 < x2 <

- < xs, the median is x3. If x1 < x3 < x3 < x4, 2 median
is any value between x; and x3, including x» and xs.

., Xp i8 the middle value of x1,..., %, *
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Use Exercises 125 and 126 and mathematical induc-
tion to prove that the sum
n
ch - xl, (3.2.9)
i=1
n > 1, is minimized when x is equal to a median of
o PR
If we repeat an experiment » times and observe the
values x1, ..., %y, the sum {3.2.9) can be interpreted as a
measure of the error in asswming that the correct value is x.
This exercise shows that this error is minimized by choos-
ing x to be a median of the values xy, ..., x,. The requested
inductive argument is attributed to J. Lancaster.
2%, Prove that
’ 6
i=1 j=i
124, Let X = {a,b). Define a function from X* to X* as
fle) = wab. Is f one-to-one? Is f onto X*? Prove your
answers.

130. Let X = {a,b). Define a function from X* to X* as
f(e) = oo. Is f one-to-one? Is f onto X*?7 Prove your
answers,

131, Let X = {a, b}. A palindrome over X is a string « for which
o =af (e, a string that reads the same forward and back-
ward). An example of a palindrome over X is bbaabb. De-
fine a function from X* to the set of palindromes over X
as fla) = wa®. Is f one-to-one? Is f onto? Prove your
answers.

Let L be the set of all strings, including the null string, that can be
constructed by repeated application of the following rules:

& [fael, thenaab € L and baa € L.
B faeLandp €L, thenof € L.

For example, ab is in L, for if we take o« = A, then o € L and the
first rule states that ab = aob ¢ L. Similarly, ba < L. As another
example, aabb is in L, for if we take o = ab, theno € L; by the
Jirst vule, aabb = aub € L. As a final example, aabbba isin L,
Jor if we take o« = aabb and B = ba, thena € Land 8 € L; by
the second rule, aabbba = wff € L.

13%. Show that agabbbisin L.

133. Show that baababisin L.

134. Show that aabisnotin L.

135, Prove that if o € L, « has equal numbers of a’s and &’s.
*136. Prove that if o has equal numbers of ¢’s and b’s, then o € L.

137. Let {a,}22, be a nondecreasing sequence, which is bounded
above, and let L be the least upper bound of the set
{a, | n=1,2,...}. Prove that for every real number £ > 0,
there exists a positive integer N suchthat L — ¢ < g, < L
for every n > N. In calculus terminclogy, a nondecreasing
sequence, which is bounded above, converges to the limit 7.,
where L is the least upper bound of the set of elements of the
sequence.
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Rath Physics
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a a

b b
In Exercises 5-8, write the relation as a table.

E R ={{a,6),(h2),{a 1) (c, 1)}
6. R = {{Roger, Music), (Pat, History), (Ben, Math),
(Pat, PolySci))
7. The relation R on {1, 2, 3, 4} defined by (x, y) € R ifx? >y

#. The relation R from the set X of planets to the set ¥ of integers
defined by (x, y) € R if x is in position y from the sun (near-
est the sun being in position 1, second nearest the sun being in
position 2, and so on)

In Exercises 9--12, draw the digraph of the relation.

%, The relation of Exercise 4 on {a, b, ¢}

10. The refation R =1{(1,2),(2,1),(3,3) (1,1, {2,2)} on
X=1{1,2,3}
11. The relation R = {(1,2),{2,3), (3,4), (4, D}on {1, 2, 3, 4}

iZ. The relation of Exercise 7
In Exercises 1316, write the relation as a set of ordered pairs.

i

14,

15.
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17, Find the inverse (as a set of ordered pairs) of each relation in
Exercises 1-16.

Exercises 18 and 19 refer to the velation R on the set (1, 2, 3, 4, 5}
defined by the rule (x, y) € R if 3 divides x — y.

. List the elements of R. 19. List the elements of R L.

iit. Repeat Exercises 18 and 19 for the relation R on the set
{1,2, 3, 4,5} defined by the rule (x, y) e Rifx + vy <6.

21. Repeat Exercises 18 and 19 for the relation R on the set
{1, 2,3, 4,5} defined by the rule (x, y) e Rif x =y — L.

22. Ts the relation of Exercise 20 reflexive, symmeiric, antisym-
metric, transitive, and/or a partial order?

2%, Is the relation of Exercise 21 reflexive, symmetric, antisym-
melric, transitive, and/or a partial order?

In Exercises 24-31, determine whether each relation defined on
the set of positive integers is reflexive, symmetric, aniisymmetric,
transitive, and/or a partial order.

2o (x,y) e Rifx =2, 25 (x,y) € Rifx > ».

26. (x,y) e Rifx = v. FLox, ) eRifx =y,

28. (x, y) € R if 3 divides x — y.

29. (x, yy € Rif 3 divides x + 2y.

. (x,y)yeRif|[x —y] =2.

7% Let X be anonempty sei. Define a relation on (X)), the power
setof X, as (A, B} € Rif A C B.Isthisrelation reflexive, sym-
metric, antisymmetric, transitive, and/or a partial order?

Wo{x,yye Rifx —y=12.

33. Prove that arelation R on a set X is antisymmetric if and only
ifforallx, ve X,if (x,y) e Rand x = y, then (v, x) € R.

34. Let X be the set of all four-bit strings (e.g., 0011, 0101, 1000).
Define a relation R on X as s1 R 52 if some substring of s; of
length 2 is equal to some substring of s» of length 2. Exam-
ples: 0111 R 1010 (becanse both 0111 and 1010 contain 01).
1510 & 0001 (becanse 1110 and G001 do not share a common
substring of length 2. Is this relation reflexive, symmetric,
antisymmetric, transitive, and/or a partial order?

%, Suppose that R; is a partial order on X;, i = 1, 2. Show that
R is a partial order on X x X, if we define

(x1,x2} R (xi, xé) if x1 By xi and x; R xé
36. Let R; and R» be the relations on {1, 2, 3, 4} given by
R ={{1,1,(1,2),(3,4,{4,2)
Ro = {(1, 1),(2,1), (3, 1}, (4,4}, (2, 2)}.
List the efements of Ry o Ry and Ry o By.
Give examples of relations on {1, 2, 3,4} having the properties
specified in Exercises 37-41.
F7. Reflexive, symmetric, and not transitive
38. Reflexive, not symmetric, and not transitive

39. Reflexive, antisymmetric, and not transitive

4it. Not reflexive, symmetric, not antisymmetric, and transitive
41. Not reflexive, not symmetric, and transitive

Let R and S be relations on X, Determine whether each statement
in Exercises 42-54 is true or false. If the statement is true, prove
it; otherwise, give a counterexample.

4%, T R is transitive, then B! is transitive.

43, If R and § are reflexive, then R U S is reflexive.

44. If R and § are reflexive, then R N S is reflexive.

4% If R and S are reflexive, then R o S is reflexive.

46. 1§ R is reflexive, then R~ is reflexive.

47. I R and S are symmetric, then R | S is symmetric.

4%, If R and § are symmetric, then R 1§ is symmetric.

49, If R and § are symmetric, then R o § is symmetric.

50. If R is symmetric, then B! is symmetric.

%%, If R and S are antisymmetric, then R U S is antisymmetric.

52. If R and § are antisymmetric, then R 1 .S is antisymmetric.
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§53. If R and § are antisymmetric, then R o § 1s antisymmetric.
24 If R is antisymmetric, then K~ is antisymmetric.

55. How many relations are there on an n-element set?

In Exercises 56-58, determine whether each relation R defined on
the collection of all nonempty subsets of real numbers is veflexive,
symmetric, aniisymmetric, transitive, and/or a partial order.

_

56 (A, By e Rifforeverye > (O, thereexistsa €« Aandbh € B
with |a — b| < &.
57. (A, Bye Rifforeverva € A and £ > 0, there exists b € B
with |¢ — b| < &.
58. (A, B)e Rifforeverya € A, b € B,and ¢ > 0, there exists
' cAand b € Bwith|a = b < gand @' - b| < &
59. What is wrong with the following argument, which supposedly
shows that any relation R on X that is symmetric and transitive
is reflexive?
Let x € X. Using symmetry, we have (x, ¥) and (¥, x)
both in R. Since (x, ¥), (v, x) € R, by transitivity we have
{x,x) € R. Therefore, R is reflexive.

slalions

Suppose that we have a set X of 10 balls, each of which is either red, blue, or green (see
Figure 3.4,1). If we divide the balls into sets R, B, and G according to color, the family
{R, B, G} is a partition of X. (Recall that in Section 1.1, we defined a partition of a set

X to be a collection S of nonempty subsets of X such that every element in X belongs
fo exactly one member of §.)

A partition can be used to define a relation. If § is a partition of X, we may define
x R y to mean that for some set § € &, both x and y belong to S. For the example of
Figure 3.4.1, the relation obtained could be described as “is the same color as.” The next
theorem shows that such a relation is always reflexive, symmetric, and transitive.

Theorem 3.4.1
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In the digraph of an equivalence relation, an equivalence class is a largest subgraph
of the original digraph having the property that for any vertices v and w in G, there is a

directed edge from v to w.
A partition of a set gives rise to an equivatence relation. If X, .

.., X, isapartition

of a set X and we define x R v if for some i, x and y both belong to X;, then R is an

equivalence relation on X. The equivalence classes turn out to be Xy, ..

., X,. Thus,

“equivalence relation” and “partition of a set” are different views of the same situation.
An equivalence relation on X gives rise to a partition of X (namely, the equivalence
classes), and a partition of X gives rise to an equivalence relation (namely, x is related
to y if x and y are in the same set in the partition). This latter fact can be used to solve

27.

30.

By listing ordered pairs, give an example of an equivalence
relation on {1, 2,3, 4, 5, 6} having exactly four equivalence
classes.

How many equivalence relations are there on the set {1, 2, 3}7

% Let R be areflexive relation on X satisfying: forallx, y, z € X,

if x Ry and y R z, then z R x. Prove that R is an equivalence
refation.
Define a relation R on R¥, the set of functions from Rto R, by

f R gif f{0) = g(0). Prove that R is an equivalence relation
on RR, Let (x) = x for all x € R. Describe [ f].

38.
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(x = xandy = y),or (y = yYandx = Oandx’ = 1),
or (y = yandx = landx" = 0}, or (x = x' andy = 0
andy' = 1),or(x =x"and y = T and ' = (). Let
R = RU{(0,0), (L, 1Dy, ({0, 1), (L, 0)),
(1,0, (0, 1)), ({1, 1), (0, BN}

(a) Show that R is an equivalence relation on 5.

(b} If points in the same equivalence class are glued together,
how would you describe the figure formed?

Let f be a function from X to Y. Define a relation R on X by

certain problems. If you are asked to find an equivalence relation, you can either find 31. Let X = {1,2, ..., 10}. Define a relation R on X x X by XRy i FO0) = £(3)

the equivalence relation directly or construct a partition and then use the associated (a,B)R(c,d)ifa+d=b+c. ' S

equivalence relation. Similarly, if you are asked to find a partition, you can either find (a) Show that R is an equivalence relation on X x X. Show that R is an equivalence relation on X.

the partition directly or construct an equivalence relation and then take the equivalence () List one member of each equivalence class of X x X 39. Let f be a characteristic function in X. (“Characteristic func-
artition. - i tion” is defined before Exercise 82, Section 3.1.) Define a

classes as your partition 32, Let X = {1,2,...,10}. Define & relation R on X x X by )

{a, D) R{c,d) if ad = bc.
(a) Show that R is an equivalence relation on X x X,

(b) List one member of each equivalence class of X x X.

relation R on X by x Ry if f(x) = f(y). According to the
preceding exercise, R is an equivalence relation. What are the
equivalence classes?

., Let f be a function from X onto ¥ Let

I. Define equivalence relation, Give an example of an equivalence
relation. Give an example of a relation that is rot an equivalence
relation.

class? Give an example of an equivalence class for your equiv- (¢) Describe the relation R in familiar terms.

S={f7 Uy yer}
[The definition of f —~I¢B), where B is a set, precedes Exer-

alence refation of Exercise 1. 33. Let R be a reflexive and transitive relation on X. Show that

3. Explain the relationship between a partition of a set and an RN R7Lis an equivalence relation on X.

. Define equivalence class. How do we denote an equivalence

Z W}L‘ﬁ” S

equivalence relation.

In Exercises 1-8, determine whether the given relation is an
equivalence relation on {1, 2, 3, 4, 5}. If the relation is an equiv-
alence relation, list the equivalence classes. (In Exercises 5—8,
x, ye{l, 23 4,5})

ki
i

S, 1),(2,2),(3,3), (4,4, (5,5, (1, 3), (3. 1))

17.
19.

H1. 23, {3, 4}) 16. {{1}. {2}, {3.4})
{1}, 25 {3}, {4 51,2, 35, (4
({1, 2,3,4}) 20. {1}, {2, 4), (31

In Exercises 21-23, let X ={1,2,3,4,5},¥={3,4}, and C=

35,

4. Let Ry and R be equivalence relations on X.

(a) Show that R; N Rz is an equivalence relation on X.

{b) Describe the equivalence classes of Ry M Ry in terms of
the equivalence classes of R1 and the equivalence classes
of Rz.

Suppose that S is a collection of subsets of a set X and X =
U &. (Tt is not assumed that the family & is pairwise disjoint.)
Define x R v to mean that for some set S € &, both x and y
are in 8. Is B necessarily reflexive, symmetric, or transitive?

41,

42,

cise 70, Section 3.1.] Show that & is a partition of X, Describe
an equivalence relation that gives rise to this partition.

Let R be an equivalence relation on a set A. Define a function

f from A to the set of equivalence classes of A by the rule
fx) =[x].

‘When do we have f(x) = f{¥)?

Let R be an equivalence relation on a set A. Suppose that g
is a function from A into a set X having the property that if
x Ry, then g(x) = g(¥). Show that

{1, 3}. Define the relation R on P(X), the set of all subsets of 36. Let 8 be a unit square including the interior, as shown in the hilx]) = g(x)
2 {(1,1),2,2), (3,3, (4,4, 5,5, (L3 G D). G4, (43 x o following figure. rh =g
3 {(1,1),02,2),(3,3), (4, 4)} defines a function from the set of equivalence classes of A into
5L D, (2,2), (3.3, (4,4, (5,5), (1,5), (5,10, (3,5), 5, 3, ARE fAUY=BUY. y X. [Whatneeds (o be shown is thit 7 uniguely assigns a vaiue
(1,3, (3, 1)) to [x]; that is, if [x] = [¥], then g(x) = g(3).]
4 21. Show that R is an equivalence relation. 4%, Suppose that arelation R on a set X is symmetric and transitive
S {x v 1=x25and] <y =5} 4 : ) )
6. {(x,y) ! 4 divides x — y) Z%. List the elements of [C], the equivalence class confaining C. 0, 1) 1.1) but not reflexive. Suppose, in particular, that (b, b) & R. Provle
‘ ¥ Y o ] that the pseudo equivalence class [b] (see Example 3.4.15) is
7. {(x, y) | 3 divides x + y} 8. [(x,y) | x divides 2 — y} 23. How many distinct equivalence classes are there? empty.
In Exercises 9—14, determine whether the given relation is an equiv- Let S 44. Prove thatif a relation R onaset X is not symmetric but transi-
lence relati . . ) ) ) tive, the collection of pseudo equivalence classes (see Example
a'ence relation on the set of all people X = {San Francisco, Pistsburgh, Chicago, San Diego, 3.4.15) does not pmti]iion X. a
7 e y) | x and y are the same height) Philadelphia, Los Angeles}. (0,0) (1,0) 45, Provethatif arelation R onaset X is reflexive but not symmet-
10. {(x, y) | x and y have, at some time, lived in the same country} Define a relation & on % Ry if d v are in the s ) Lo , ric, the collection of pseudo equivalence classes (see Example
11. {(x, ¥) { x and y have the same first name} ron foon A asx &y il xand yaren the same Define a relation R on § by (x, y) R(x’,y) if (x=x 3.4.15) does not partition X.
iz is taller than y} sate. and y=y), o (y=»'andx =0andx"=1), or (y=p'and . o . oa ¢ X is reflexive but not transi
P2 {{x, ») | x is taller than y (a) Show that R is an equivalence relation. x=1and x’ =0). b ‘rovet at 1 are ation K ona set X 1s reflexive bu not transi-
13. {(x, ¥)|x and y have the same parents} ] . ) - tive, the collection of pseudo equivalence classes (see Example
i {(b) List the equivalence classes of X. (a} Show that R is an equivalence relation on §. 415 e
14. {(x, )| x and y have the same color hair} 3-4-15) does not partition X.
) 4 ¥ ) 25. If an equivalence relation has only one equivalence class, what (b) I points in the same equivalence class are glued together, 47. Give an example of a set X and & relation R on X that is not

In Exercises 15-20, list the members of the equivalence relation
on{l, 2,3, 4} defined (as in Theorem 3.4.1) by the given partition.
Also, find the equivalence classes [1], 2], [3], and [4].

must the relation look like?

i%. If Ris an equivalence relation on a finite set X and | X| = |R|,

what must the relation look like?

37.

how would yeu describe the figure formed?

Let § be a unit square including the interior {as in Exer-
cise 36). Define a relation R’ on S by {x, ¥) R p(x’, v") if

reflexive, not symmetric, and not transitive, but for which the
collection of pseudo equivalence classes (see Example 3.4.15)
partitions X.
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Let R, be arelation from X to ¥ and let R, be a relation from ¥ to Z. Let A; be
the matrix of Ry and let A; be the matrix of R;. The mairix of the relation R; o Ry is
obtained by replacing each nonzero term in the matrix product Ay A; by 1.

To test whether a relation is transitive, let A be its matrix. Compute A, The relation
is transitive if and only if whenever entry i, j in A? is nonzero, entry £, j in A is also

nonzero.

i. What is the matrix of a relation?

% (Given the matrix of a relation, how can we determine whether
the relation is reflexive?

3, Given the matrix of a relation, how can we determine whether
the relation is symmetric?

In Exercises 1-3, find the matrix of the relation R from X fo ¥
relative to the orderings given.

LoR={(1,8), 2 ), %), 3 8,3, D)} ordering of X:1,
2,3; orderingof V:er, B, £, 8

2. R as in Bxercise 1; ordering of X:3, 2, 1; ordering of ¥: I,
B.a,d

3. R={{x,a), (x,c) (v, a), (¥, b), (2. D}; ordering of X:x,
y, z; ordering of Y:a, b, ¢, d

In Exercises 4--6, find the matrix of the relation R on X relative to
the ordering given.
4. R=1{1,2),(2,3),(3,4), (4,5)}; ordering of X: 1,2, 3,4, 5
5. R asin Exercise 4; ordering of X:5,3,1,2,4
6. R=1(x,y) | x < y};orderingof X:1,2,3,4
7. Find matrices that represent the relations of Exercises 13 -16,
Section 3.3.

In Exercises 8~10, write the relation R, given by the matrix, as a
set of ordered pairs.

£

o TR

—_— o o — =
s D O o
HD—‘OD—‘g{

z
o
0
0
1

=

T =
TN
& =
—_ O
D
—_
N

10.
w o x ¥y z
w1l 0 1 0
x{0 0 0 0
y11 0 1 0
z \0 0 0 1

4. Given the matrix of a relation, how can we determine whether

the relation is transitive?

%, (iven the matrix A; of the relation Ry and the matrix A of
the relation R», explain how to obtain the matrix of the relation
Ry o Ry

¢3, How can we quickly determine whether a relation K is an-
tisymmetric by examining the matrix of R (relative to some
ordering)?

12, Tell whether the relation of Exercise 10is reflexive, symmetric,
transitive, antisymmetric, a partial order, and/or an equivalence

relation,

13, Given the matrix of a relation R from X to ¥, how can we find

the matrix of the inverse relation R—1?

i<, Find the matrix of the inverse of each of the relations of Exer-
cises 8 and 9.

15. Use the mairix of the relation to test for transitivity (see Ex-
amples 3.5.7 and 3.5.8) for the relations of Exercises 4, 6,
and 10.

In Exercises 1618, find

(a) The matrix A, of the relation Ry (relative to the given
orderings).

(B} The matrix Ay of the relation Ry (relative fo the given
orderings).

(c) The matrix product A1An.

(d) Use the result of part {¢) to find the matrix of the relation
RyoR;.

{e) Use the result of part (d) to find the relation Ry o R (as a
set of ordered pairs).

i R = (L), (L, (2,x,3, 0L R = {(x.5), (3,0,
(y,a}, (3, 0)}; orderings: 1,2, 3, x, y1a, b, ¢

17. Ry = {{x,») | x divides y}; Ry isfrom X to ¥; Ry = {(¥, 2) |
y > z}; Ry is from ¥ to Z; ordering of X and ¥:2,3,4, 5;
orderingof Z2:1,2,3,4

18, Ri={x, " |x+y <ol RiisfromXtoY; Ro={(y,2) |
y=z + 1}; Ry is from Y to Z; ordering of X, ¥, and
Z:1,2,3,4,5

&

i

1

- %20,

22,

. Given the matrix of an equivalence relation R on X, how can
we casily find the equivalence class containing the element
xeX?

Let Ry be a relation from X to ¥ and let R be arelation from
Y to Z. Choose orderings of X, ¥, and Z. All matrices of rela-
tions are with respect to these orderings. Let A; be the matrix
of Ry and let A be the matrix of Rz. Show that the i kth entry
in the matrix product A1 A3 is equal to the number of elements
in the set

{m|(i,m) e Ryand (m, k) € Ry}

71, Suppose that Ry and Ry are relations on a set X, A) is the ma-

trix of R; relative to some ordering of X, and A5 is the matrix
of Rj relative to the same ordering of X. Let A be a matrix
whose ijth entry is 1 if the i jth entry of either 4; or A3 15 1.
Prove that A is the matrix of R; U R;.

Suppose that Ry and R are relations on a set X, A is the ma-
trix of R relative to some ordering of X, and A is the matrix
of Ry relative to the same ordering of X. Let A be a matrix
whose ijth entry is 1 if the i jth entries of both A{ and A» are
1. Prove that A is the matrix of Ry N Ra.

3.6

23,

24.

[

26.

27.
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Suppose that the matrix of the relation Ry on {1, 2, 3} is

100
011
1 01

relative to the ordering 1, 2, 3, and that the matrix of the rela-
tion B» on {1, 2, 3} is

01 0
010
1 01

relative to the ordering %, 2, 3. Use Exercise 21 to find the
matrix of the relation R; U Rz relative to the ordering 1, 2, 3.

Use Exercise 22 to find the matrix of the relation Ry N Ry
relative to the ordering 1, 2, 3 for the refations of Exercise 23.

%. How can we quickly determine whether a relation R is a func-

tion by examining the matrix of R (relative to some ordering)?

Let A be the matrix of a function f from X to ¥ (relative to
some orderings of X and ¥). What conditions must A satisfy
for f to be onto Y7

Let A be the matrix of a function f from X to ¥ (relative to
some orderings of X and ¥). What conditions must A satisfy
for f to be one-to-one?

The “bt” in a binary relation R refers to the fact that R has two columns when we write
R as a table. It is often useful to allow a table to have an arbitrary number of columns.
If a table has n columns, the corresponding relation is called an n-ary relation.

Table 3.6.1 represents a 4-ary relation. This table expresses the relationship among
identification numbers, names, positions, and ages.

TABLE 3.6.1 = PLAYER

ID Number Name Position Age
22012 Johnsonbaugh c 22
93831 Glover of 24
58199 Battey p 18
84341 Cage C 30
01180 Homer b 37
26710 Score p 22
61049 Johnsonbaugh of 30
39826 Singleton 2b 31

.

E:

‘We can alsc express an n-ary relation as a collection of n-tuples.

This section can be omitied without loss of continuity.




