
Putnam Competition 2019 Combinatorics Training Problems

Problem 1. (Putnam 2013 A1) Recall that a regular icosahedron is a convex poly-

hedron having 12 vertices and 20 faces; the faces are congruent equilateral triangles. On

each face of a regular icosahedron is written a nonnegative integer such that the sum of

all 20 integers is 39. Show that there are two faces that share a vertex and have the same

integer written on them.

Problem 2. We place 4n points uniformly on a circle. Then we paint any 2n of

them in red and the other 2n points in blue. Prove that regardless of which points we have

painted with each color, there is always a straight line that divides the circle in half leaving

exactly n red points and n blue points at each side.

Problem 3. (Putnam 2013 A4) A finite collection of digits 0 and 1 is written around

a circle. An arc of length L ≥ 0 consists of L consecutive digits around the circle. For

each arc w, let Z(w) and N(w) denote the number of 0’s in w and the number of 1’s in w,

respectively. Assume that |Z(w) − Z(w0)| ≤ 1 for any two arcs w,w0 of the same length.

Suppose that some arcs w1, ..., wk have the property that

Z =
1

k

k∑
i=1

Z(wi), N =
1

k

k∑
i=1

N(wi)

are both integers. Prove that there exists an arc w with Z(w) = Z and N(w) = N .

Problem 4. Let S = {A1, ..., An} be a finite collection of different nonempty finite

sets A1, ..., An such that as long as Ai, Aj ∈ S,Ai∪Aj ∈ S. Suppose k = min1≤i≤n |Ai| ≥ 2.

Show that there exists x ∈
∪

1≤i≤nAi so that x is contained in at least n/k sets in S.

Problem 5. n students are taking an exam containing m different problems. The

rule of the exam is as follows: when there are exactly x students that doesn’t come up

with the complete correct solution, every student getting the complete correct answer

will get x points while others will get 0. List the scores of all participated students as

p1 ≥ p2 ≥ ... ≥ pn. Find the maximal possible value for p1 + pn.
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