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Problem 1.(2009 A1) Let f be a real-valued function on the plane such that for every

square ABCD in the plane, f(A)+ f(B)+ f(C)+ f(D) = 0. Does it follow that f(P ) = 0

for all points P in the plane?

Proof. Consider any point P on the plane. Without loss of generality, we may

assume that the coordinate of P is (0, 0). Now we know that

f(0, 0) + f(1, 0) + f(0, 1) + f(1, 1) = 0,

f(0, 0) + f(−1, 0) + f(0, 1) + f(−1, 1) = 0,

f(0, 0) + f(−1, 0) + f(0,−1) + f(−1,−1) = 0,

f(0, 0) + f(1, 0) + f(0,−1) + f(1,−1) = 0.

On the other hand, we also know that

f(1, 1) + f(−1, 1) + f(−1,−1) + f(1,−1) = 0,

f(1, 0) + f(0, 1) + f(−1, 0) + f(0,−1) = 0.

This shows that 4f(0, 0) = 0, i.e. f(0, 0) = 0.

Problem 2. Suppose the plane is colored by 3 different colors. Show that there are

two points on the plane with distance 1 so that they are of the same color.

Proof. Suppose that is not true. Consider a regular triangle ∆ABC and reflect it

along BC to get a triangle ∆BCD. Assume that it has side length 1. Then the color of

A and D must be the same. Now in order to get two points with distance 1 having the

same color, one can rotate ∆BCD around A to get ∆B′C ′D′. Then we know that A and

D′ must have the same color. Now let DD′ = 1. This gives a contradiction.

Problem 3. Given 2019 rectangles so that all side lengths are integers no more than

2018. Prove that there exists 3 rectangles A, B and C among them so that A can be put

inside B and B can be put inside C.
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Proof. Consider Ai to be the subset of rectangles of which the difference of two sides

is exactly i (1 ≤ i ≤ 2018). Then it is easy to see that any three rectangles in the same Ai

satisfy the condition since if their short sides have length a < b < c, they are of the form

(a, a + i), (b, b + i), (c, c + i). However, this gives us 2018 subsets but there are only 2019

rectangles, so there does not necessarily exist 3 rectangles in the same Ai.

However, let Bj be the subset of rectangles of which the difference of two sides is either

2j − 1 or 2j (1 ≤ j ≤ 2009). Then still any three rectangles lying in the same Bj will

satisfy the condition. Let a ≤ b ≤ c be the short sides. If a < b, then the corresponding

longer sides a′ = a+ 2j − 1 or a+ 2j, and b′ = b+ 2j − 1 or b+ 2j. We have

a′ ≤ a+ 2j ≤ b+ 2j − 1 ≤ b′.

They satisfy the relation, and if a = b, then the longer sides have length a′ = a+2j − 1 or

a+2j, so still they satisfy the relation. Now there are 1009 subsets Bj , but there are 2019

rectangles. This means that at least 3 rectangles lie in the same subset. This completes

the proof.

Problem 4.(2018 A6) Suppose that A, B, C, and D are distinct points, no three of

which lie on a line, in the Euclidean plane. Show that if the squares of the lengths of the

line segments AB, AC, AD, BC, BD, and CD are rational numbers,then the quotient

Area(∆ABC)

Area(∆ABD)

is a rational number.

Proof. Without loss of generality, let’s assume that the coordinate of A is (1, 0) and

that of B is (−1, 0). Now suppose C = (x1, y1) and D = (x2, y2). We know that

AC2 = (x1 − 1)2 + y21, BC2 = (x1 + 1)2 + y21.

Thus AC,BC ∈ Q will tell us that

x1 =
1

4
(BC2 −AC2) ∈ Q, y21 = AC2 − (x1 − 1)2 ∈ Q.

For the same reason, we know that x2, y
2
2 ∈ Q. Also, we know that

BD2 = (x1 − x2)
2 + (y1 − y2)

2.
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Since x1, x2, y
2
1, y

2
2 ∈ Q, we know that

y1y2 =
1

2

(
(x1 − x2)

2 + y21 + y22 −BD2
)
∈ Q.

Therefore since y21, y1y2 ∈ Q,

Area(∆ABC)

Area(∆ABD)
=

y1
y2

∈ Q.
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