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Remark. This is a list of exercises on Pigeonhole Principle. —Miguel A. Lerma

Exercises

1. Prove that any (n+ 1)-element subset of {1, 2, . . . , 2n} contains two integers that are
relatively prime.

2. Prove that if we select n + 1 numbers from the set S = {1, 2, 3, . . . , 2n}, among the
numbers selected there are two such that one is a multiple of the other one.

3. (Putnam 1978) Let A be any set of 20 distinct integers chosen from the arithmetic
progression {1, 4, 7, . . . , 100}. Prove that there must be two distinct integers in A
whose sum if 104.

4. Let A be the set of all 8-digit numbers in base 3 (so they are written with the digits
0,1,2 only), including those with leading zeroes such as 00120010. Prove that given 4
elements from A, two of them must coincide in at least 2 places.

5. During a month with 30 days a baseball team plays at least a game a day, but no more
than 45 games. Show that there must be a period of some number of consecutive days
during which the team must play exactly 14 games.

6. (Putnam, 2006-B2.) Prove that, for every set X = {x1, x2, . . . , xn} of n real numbers,
there exists a non-empty subset S of X and an integer m such that∣∣∣∣∣m +

∑
s∈S

s

∣∣∣∣∣ ≤ 1

n + 1
.

7. (IMO 1972.) Prove that from ten distinct two-digit numbers, one can always choose
two disjoint nonempty subsets, so that their elements have the same sum.

8. Prove that among any seven real numbers y1, . . . , y7, there are two such that

0 ≤ yi − yj
1 + yiyj

≤ 1√
3
.

9. Prove that among five different integers there are always three with sum divisible by 3.

10. Prove that there exist an integer n such that the first four digits of 2n are 2, 0, 0, 9.
1



PUTNAM TRAINING PIGEONHOLE PRINCIPLE 2

11. Prove that every convex polyhedron has at least two faces with the same number of
edges.


