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Remark. This is a list of exercises on mathematical induction. —Miguel A. Lerma

Exercises

1. Prove that n! > 2n for all n ≥ 4.

2. Prove that for any integer n ≥ 1, 22n − 1 is divisible by 3.

3. Let a and b two distinct integers, and n any positive integer. Prove that an − bn is
divisible by a− b.

4. The Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, 13, . . . is defined as a sequence whose two first
terms are F0 = 0, F1 = 1 and each subsequent term is the sum of the two previous
ones: Fn = Fn−1 + Fn−2 (for n ≥ 2). Prove that Fn < 2n for every n ≥ 0.

5. Let r be a number such that r+1/r is an integer. Prove that for every positive integer
n, rn + 1/rn is an integer.

6. Find the maximum number R(n) of regions in which the plane can be divided by n
straight lines.

7. We divide the plane into regions using straight lines. Prove that those regions can be
colored with two colors so that no two regions that share a boundary have the same
color.

8. A great circle is a circle drawn on a sphere that is an “equator”, i.e., its center is also
the center of the sphere. There are n great circles on a sphere, no three of which meet
at any point. They divide the sphere into how many regions?

9. We need to put n cents of stamps on an envelop, but we have only (an unlimited
supply of) 5/c and 12/c stamps. Prove that we can perform the task if n ≥ 44.

10. A chessboard is a 8× 8 grid (64 squares arranged in 8 rows and 8 columns), but here
we will call “chessboard” any m ×m square grid. We call defective a chessboard if
one of its squares is missing. Prove that any 2n× 2n (n ≥ 1) defective chessboard can
be tiled (completely covered without overlapping) with L-shaped trominos occupying
exactly 3 squares, like this .
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11. This is a modified version of the game of Nim (in the following we assume that there
is an unlimited supply of chips). Two players arrange several piles of chips in a row.
By turns each of them takes one chip from one of the piles and adds at will as many
chips as he or she wishes to piles placed to the left of the pile from which the chip
was taken. Assuming that the game ever finishes, the player that takes the last chip
wins. Prove that, no matter how they play, the game will eventually end after finitely
many steps.

12. Call an integer square-full if each of its prime factors occurs to a second power (at
least). Prove that there are infinitely many pairs of consecutive square-fulls.

13. Prove that for every n ≥ 2, the expansion of (1 + x + x2)n contains at least one even
coefficient.

14. We define recursively the Ulam numbers by setting u1 = 1, u2 = 2, and for each
subsequent integer n, we set n equal to the next Ulam number if it can be written
uniquely as the sum of two different Ulam numbers; e.g.: u3 = 3, u4 = 4, u5 = 6, etc.
Prove that there are infinitely many Ulam numbers.

15. Prove Bernoulli’s inequality, which states that if x > −1, x 6= 0 and n is a positive
integer greater than 1, then (1 + x)n > 1 + nx.

16. Prove that two consecutive Fibonacci numbers are always relatively prime.

17. Let an be the following expression with n nested radicals:

an =
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2 .

Prove that an = 2 cos π
2n+1 .


