BASIC IDEAS OF ABSTRACT MATHEMATICS

Propositions

A propositionis a statement that is either true or false. In our course, Waisually call a mathematical
proposition aheorem A theorem is a main result. A proposition that is mainly demest to prove a larger
theorem is called &&¢mma Some intermediate results are callgepositions Finally, acorollary is a
statement that follows easily from a theorem.

The following sentences are examples of propositions. Tius fwo is four. Two plus two is zero.
Bicycles have three wheels. The first of these propositisitigie and the last two are false.

Some sentences are not propositions: “How are you doing®a%30’s painting Guernica is obedient.”
“Picasso’s painting Guernica is beautiful.” Sometimes rtesece does not provide enough information to
determine whether it is true or false, so it is not a propositi An example is the following: “He is an
Olympic swimmer.” The sentence does not tell us who we akinglabout. If we identify the person, then
the sentence becomes a proposition: “Michael Phelps is wm@d¢ swimmer.”

Assume P and Q are each propositions. The proposition “P aigltfe exactly when both P and Q are
true; e.g., “the numbers 5 and 7 are odd integers”. The pitposP or Q” is true exactly when at least one
of P or Q is true, i.e., either one or both are true; e.qg., &ithor 7 is an odd integer” or “either 5 or 6 is an
odd integer”. Also, “for any integem, eithern or n + 1 is an odd integer.”

Implications

Mathematical propositions are often of the form “If P, theh Quch a statement is called anplication
“P” is called thehypothesisand “Q” is called theconclusion For example, “Ifx andy are odd integers,
thenxy is an odd integer.” If the hypothesis is false, then the iogilon is called true no matter whether
the conclusion is true or false. The following is a true prsipion: “If cows could fly then the moon is made
of blue cheese.” The implication “if P then Q" is sometimettem as or “Q whenever P”. The statement
“If a test was given then all the students came to class” i$vatpnt to the following statements: “All the
students came to class if a test was given,” or “All the sttsleame to class whenever a test was given.”
A more mathematical example of equivalent statements aréoffowing: “If 0 < x < 2, thenx? < 47,
“x? < 4 whenever O< x < 2,”and “x?> < 4 for all x such that 0< x < 2.” (See quantifiers below.)

Theconverseof a proposition “if P then Q” is the statement “if Q then P”".éltonverse of a statement is
not equivalent to a statement. For example the propositiox i positive therx? is positive” is true, while
“if x2 is positive therx is positive” is false.

The implication “P if and only if Q” is equivalent to the two ptications “if P then Q" and “if Q then P”.
The implication “P if and only if Q" is often written as “P iff Q

The use of “if” in definitions in our book and most other matlatits books really means “iff”. For
this reason, in definitions, we will use “provided that” ieatl of “if”. For example, “A system of linear
equations is said to lmnsistenprovided that it has at least one solution” means that “iféhg at least one
solution then the system of linear equations is consistamd“if the system of linear equations is consistent
then there is at least one solution”.

Quantifiers

There is a difference between the following assertionsEdgiany positive numbex, x> > x. (i) There
exists a positive number such thatx? > x. The first statement is false and the second is true. The first
sentence contains what is called the universal quantifiar&hy.” The second sentence contains what is
called the existential quantifier “ there exists.”

Quantifiers can come up in situations that are non-matheaiatNotice that the following pairs of sen-
tences do not mean the same thing. “All the children are ahegemge” and “some of the children are above



BASIC IDEAS OF ABSTRACT MATHEMATICS

average”. “All children are human” and “some of the childeme human”. “All classes at Northwestern are
hard” and “some classes at Northwestern are hard”. It is mapbto pay attention to the quantifiers in a
theorem.

Theuniversal quantifiecan be expressed as “for ary;, “for eachx”, “for every x”, or “for all x”. These
three phrases mean the same thing, but the first three ardasiregnd have the connotation of taking cne
at atime. The last phrase is plural and has the connotatitakisfg all the possible at once.

The existential quantifiecan be expressed as ‘there exists”, “there is”, or “for sanmi@here exists a
positive numbex such thatx?> > x”, “There is a positive numbex such thatx?> > x”, and “For somex,

X% > Xx.”

Negation

Thenegation“not P” is true exactly when P is false and is written aB™

It is important how negation works with quantifiers, with t&nand with “or.” The negation of “all
classes at Northwestern are hard” is “there is a class atiestern that is not hard”. The negation of “Bob
is tall and handsome” is "Bob is either not tall or not hana®d. The negation~(P and Q)" is “P or~Q".
For “Mary is either smart or observant” to be true, Mary needly have one of the characterizations true.
Therefore, for the negation, both must be false: “Mary ishexi smart nor observant.” The negation
“~(P or Q)" is “~P and~Q”. The negation of “For alk, if P(x) then Qk)” is “there existsx such that PX) is
true and Q) is false”. For example, the negation of “For all reasuch that 1< x < 2,1 < x*> < 3”is
“there exists a reat with 1 < x < 2 such thak? < 1 orx? > 3.

Thecontrapositiveof the statement “if P then Q” is the statement “if not Q thethPib The contrapositive
of a statement is equivalent to a statement. In particliarstatement “if B() is true for a real value, then
Q(x) is true for that value ok” is the same as “if X) is false for some real value, then PX) is false for
that value ofx”.

Examples and Counterexamples

A counterexamplés an example that shows a proposition is false. We only neeccounterexample to
show that the proposition is false. A counterexample do¢Sprove the rule”. If there is one person taller
than 7 feet, this shows that the statement “all people amgestihvan 7 feet” is false. A counterexample can
help you understand what assumptions you really need teeatwt the conclusion is true. This type of
reasoning can be helpful in economics or business.

By contrast, one example shows why a proposition is “redsehar what it means but itself does not
prove the proposition.

Proofs

Proofs can beonstructiveor non-constructive Thus in linear algebra, we will learn an algorithm to find
the solution of a system of equations. This not only saysdhstlution exists, but shows how to find or
construct a solution. In other situations, it can be proved ordinary differential equations have solutions
without necessarily showing how to find an expression forsthiation.

In general, it is difficult to find a proof. Mathematician tkifor months, years, or sometimes centuries to
discover why a theorem is true or false. In our course, wemdlnly read proofs and try to understand why
they show that the theorem is true. The true-false questiglhalso force you to read statements carefully
and decide whether they are true or false based on resultawveedbtained in the course.

There are different approaches to proofs.

A direct proof of “if P then Q" starts with the assumption P and arguesctly that Q is true.

A proof by using thecontrapositiveassumes Q is false and argues directly that P is false.
Closely related to the contrapositive is proofdmntradiction To prove “if P then Q”, we assume P
and *~Q” and show that this contradicts some basic fact of mathiemarhe difference we can use
the statement P in the proof and show that it leads to some dalsclusion like = 0.

e There are other methods or complexities of proofs that wileaas we look at proofs in the course.



